


Chapter 1 Intertemporal Choice
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Robinson Crusoe’s decision is simultaneously one of consumption and investment. In order
to decide, he needs two types of information:

(1) He needs to understand his own subjective trade-offs between consumption now and
consumption in the future. This information is embodied in the utility and indifference
curves. (2) He must know the feasible trade-offs between present and future consumption
that are technologically possible. These are given in the investment and production
opportunity sets.

The optimal consumption/investment decision establishes a subjective interest rate. It

represents unique optimal rate of exchange between consumption now and in the future. Thus
interest rates are an integral part of consumption/investment decision. One can think of the

interest rate as the price of deferred consumption or the rate of return on investment.
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1.1.2 ERERK

Consider a world without uncertainty where resources may be consumed today or
invested and consumed tomorrow. Given an initial consumption bundle endowment,
individuals wish to maximize their utility.

We want to show how the presence of a production technology and a capital market
yields a Pareto optimal outcome and that the production decision is independent of the
subjective preferences of each individual. Our model includes the following assumptions:

(1) Only two periods (JZH U, WiZ A& two dates: t=0,1, one time period), decisions
made in two period context

(2) All wealth is consumed at these two dates
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(3) Wants are insatiable (marginal utility is always positive, U '>0)

(4) Diminishing marginal utility (U"<0)

(5) Individual has an original endowment Yy  (manna from heaven)

(6) No firms, no risk, no transactions costs, no taxes

(7) LA A v ffr, AR B S sz 2y

Individuals are endowed with income at the beginning of the period, Yo, and at the end of
the period, y;. Individuals must decide how much to consume now, Cy, and how much to
consume at the end-of-period, C;.

MK BB U(C,,C,) o BATTFHOU 225 27 Hh IR 322 B 43 AT A BI FEAN (] IR 1] P37
/P A . Aim: to select optimal Co, Cy, and Py, P;
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1.1.3 R

CT—TU T. The marginal utility of consumption is always positive but decreasing i.e.

individuals prefer more consumption to less, but the increments in utility become smaller and

smaller.
CARIY, BEALC BAMHME: M Cwi, R C RARBE.
U MU
U =U(C)

MU=0 (éU/éC)=0 MU, is high
MU is diminishing

(e /eCcH <0 MU, is low

Fig. 1.1 Total utility and marginal utility of consumption
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1.1.4 Foz= R 2k (Indifference curves)

FoZe 5t MR K RARKANME C, M C KA & . MR ZRNBEE C) b, 14

Z8E N C, A Be R FrFIAE UK F- o 1Cs representing the time preference of consumption.

¢

Consumption
tomorrow

C, low, MU(C,) high

C, high, MU(C,) low

C, high, MU(C,) low

C, low, MU(C,) high

1 U (Indifference Curve)

Co
Consumption today

Fig. 1.2 Indifference curves representing the time preference of consumption
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The shape of the indifference curve is important. The slope of an indifference curve at

any point gives the marginal rate of substitution (MRS) between C, and C, at that point.
The MRS represents the trade-off that the individual is willing to make between consumption

today and consumption tomorrow. Mathematically,

aC, U190,
oC - AUIdC,

0 [y =constant

MRS = =—(1+r) (1.1)

Equation (1.1) can be read as follows: The marginal rate of substitution consumption

today and end-of-period consumption, MRS&“, is equal to the slope of a line tangent to an

indifference curve given constant total utility. This in turn is equal to the individual’s

subjectiverate of time preference, —(1+1;).
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This means that the individual would require MRS units of C, to give up one unit of
C, to remain equally happy. This reveals the individual’s subjective rate of time
preference, r. Btt, FRATE AT DAL —MoRZ, XMRIZEG, fEREE (2D &K
AR DL, BUAEDTE T — A AL B et CEIEEBE — AN IR0, KRN iZA 220
WHMOH 2 CRIEBE AR

el — g5 ZE s ith 2 b, A — s N Al aF R #RAN A 7R 1.2 7, |l (LD
AR, e B R A R KA A R 4

AR EAERIB IR : AEYEFF BN A AR TSRS T BEAE BLAE R T 2 B i (g

S WG, W B BT IR T 2 B i R
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1.2 Consumption without I nvestment and Capital Market

Here, each individual simply consumes their endowment. There is no productive
capability to transform current consumption into future consumption, and the individual is not

allowed to trade with other individuals. So given endowment Y, the individual achieves a

utility level of U;.
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1.3 Consumption and Investment without Capital Market

1.3.1 #&E ML= (Investment Opportunities Set, 10S)

We assume that each individual in the economy has a schedule of productive investment

opportunities that can be arranged from the highest rate of return down to the lowest(Fig. 1.3).

Marginal
rate of return

A

Total investment

Rational investors will channel their limited
investment funds into projects that earn the highest
possible rate of return. Any decreasing function
would graph the investment opportunities schedule.
This implies diminishing marginal returns to
investment because the more an individual invests,
the lower the rate of return on the marginal
investment. Also, all investments are assumed

independent of one another and perfectly divisible.
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1.3.2 &P=PlL&4 (Production Opportunity Set, POS)

WEBANKN, APPSR TN TERS E C KK, CHITHEAHE.

ANl mE 1.4 fir.
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H ORI M X SR IAEAN 2, A i T3
IMA5 2R B 9% B(C)midkon, 16 0 —i M T

0 Co Yo

2, 8o T Heu 3RS 1 0 JHAD 1 B9 9%
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AFrEE#H 2 (marginal rate of transformation, MRT) . A SHIRLRE K, Fn MRT

ko BFAAEAEAS L, A BEAR AT ke 0 % i, T BA 10 A BX. 40

S

PR F AT RRISEI o
K] 1.3 5K 1.4 /%W (1], the line tangent to point A has the highest slope in Fig. 1.4 and
represents the highest rate of return at point A in Fig. 1.3.
PPl SRVFBAEARE B A 58— DN B AE AR ™ H W & o R
(1) BT 7 AL e PR 2 20 BRI PR A 2 38 R AT 222 41
(2) BB, BRI 5k s
(3) AP Bt A I ML ;
(4) EBEZLN ] 7314 (perfectly divisible)
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133 Al EREFAE

TERA L L, DA AETE S 2. Wi 1.5 Pros.
Cp

Y1 0
/'

The endowment Uo
point

Yo C0

Fig. 1.5 The consumption without productive opportunity
We extend the theory by introducing productive opportunities that allow a unit of current

savings or investments to be turned into more than one unit of future consumption.
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Fig. 1.6 Indifference curves and production opportunity set



An individual endowed with a resource bundle (y,,y,) that has utility U, can move

along the production opportunity set to point B, where the indifference curve is tangent to

it and he or she receives the maximum attainable utility, U,. Because current consumption,

C,, is less than the beginning-of-period endowment, Y, , the individual has to invest. The

0°

amount of investment is [, =y, —C,. Of course, if C, > y,, he or she will disinvest, in the

absence of capital markets, there are no opportunities to exchange intertemporal consumption

among individuals such that the individual starts with the bundle (y,,y,).

Note that the marginal rate of return on the last investment made (i.e., MRT, the slope of
a line tangent to the investment opportunity set at point B) is exactly equal to the investor’s
subjective time preference (i.e., MRS, the slope of a line tangent to his or her indifference

curve, also at point B).



In other words, the investor’s subjective marginal rate of substitution is equal to the

marginal rate of transformation offered by the production opportunity set:
MRT = MRS

The individual decision maker starts with an initial endowment (y,,7,) and compares

the marginal rate of return on a dollar of productive investment (or disinvestment) with his
or her subjective time preference. An individual will make all investments in productive

opportunities that have rates of return higher than his or her subjective rate of time preference

r.

If the rate on investment is greater he or she will gain utility by making the investment.
This process continues until the rate of return on the last dollar of productive investment just

equals the rate of subjective time preference (at point B). Note at point B the individual’s

consumption in each time period is exactly equal to the output from production (i.e., P,=C,

and P=C)).



1.3.4 S KIEF At

FEGRADPTIHLI, MERGOEAE A St g2 b i BEAL S B o BETRHLT e T Ieir
Mblss, AMERPIRBUE A, MRT > MRS (POS AR>S s EI AR, Bl
BRSO R > AT IR T 3 B Z R i as = N B e

Without the existence of capital markets,
n individuals with the same endowments and same
opportunity set may choose completely different
investments, because their preferences differ. This is

shown in Fig. 1.7 (left Fig.). Individual 2, who has a

lower rate of time preference (Why?) will choose to

invest more than individual 1.



1.4 Consumption with Capital Market but no Production Opportunity

Intertemporal exchange of consumption bundles will be represented by the opportunity
to borrow or lend unlimited amounts at r, a market-determined rate of interest. (The market
rate of interest is provided by the solution to a general equilibrium problem. For simplicity,
we assume that the market rate of interest is given.)

Financial markets facilitate the transfer of funds between lenders and borrowers.
Assuming that interest rates are positive, any of funds lent today will return interest plus
principal at the end of the period. Ignoring production for the time being, we can graph
borrowing and lending opportunities along the capital market line in Fig. 1.8 (Line

WoABW,).



Capital market line,
Slope = market rate = ~(1 + r)




With an initial endowment of (y,,y,) that has utility equal to U,, we can reach any
point along the market line by borrowing or lending at the market rate plus repaying the
principal amount, Xo.

If we designate the future value as X;, we can write that the future value is equal to the
principal amount plus interest earned,

X, =X,0+7).
Similarly, the present value, W, of our initial endowment (y,,,), is the sum of current

income, ¥, , and the present value of our end-of-period income, ¥, (1+7)":

Y%
W, =y, + 1.2
0 = Y 1t (1.2)
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1.4.1 FiEZk CEATNIHLZE, capital market line)

T2 g y, My, (BRI W, ) , 43 C, f1C AT M4l A .

TRET LR 7 R

C =W, —C)L+r)=W,A+7r)—C,1+r) =W, —~C,(1+7)  (1.3)

EKH, C ORIk, O IR S TSR MR TR 2 ro

TEWR AT 7 L, e WAL R, RAIBS o2z ihek, ERIT02 5 th 2
LREAY], X, ROHIE R K,

BATEEWMELREB I T LT ML, ERIHEMY), XA, EWRERTFEET
WA, BAHKREK.
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1.4.2 HRATIS T FIBRIHE 7B RIEFE

Referring to Fig. 1.8, we see that with endowment (y,,7,) we will maximize utility by

moving along the market line to the point where our subjective time preference equals the
market interest rate. Point B represents the consumption bundle on the highest attainable
indifference curve. At the initial endowment (point A), our subjective time preference,
represented by the slope or a line tangent to the indifference curve at point A, is less than the
market rate of return. Therefore we will desire to lend because the capital market rate offers a

rate of return higher than what we subjectively require. Ultimately, we reach a consumption

decision where we maximize utility. The utility, U, , at point B is greater than the utility, U, at
our initial endowment, point A. The present value of this consumption bundle (C;,C;) is
also equal to our current wealth W :
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C

WOZC(’;JFHT (1.4)
This can be rearranged to give the equation for the capital market line:
C; =W,1+r)-C,(1+7)
and since W,(1+r)=W,, we have
C, =W, —C,(1+7) (1.5)

Thus the capital market line in Fig. 1.8 has an intercept at W, and a slope of —(1+ 7).

Also note that by equating (1.2) and (1.4) we see that the present value of our endowment

equals the present value of our consumption, and both are equal to our wealth, W,. Moving

along the capital market line does not change one’s wealth, but it does offer a pattern of

consumption that has higher utility.
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1.5 Consumption and Investment with Capital Market and Production

Opportunity

What happens if the production/consumption decision takes place in a world where
capital markets facilitate the exchange of funds at the market rate of interest? Fig. 1.9

combines production possibilities with market exchange possibilities. With the family of

indifference curves U, U,, and U; and endowment (y,,y,) at point A, what actions will we

take in order to maximize our utility?
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U, (production and exchange)
U, (production alone)

U, (initial endowment)

Fig. 1.9 Production and consumption with capital markets
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Starting at point A, we can move either along the production opportunity set or
along the capital market line. Both alternatives offer a higher rate of return than our
subjective time preference, but production offers the higher return (i.e., a steeper slope).
Therefore we choose to invest and move along the production opportunity frontier. Without
the opportunity to borrow or lend along the capital market line, we would stop investing at
point D, where the marginal rate of return on productive investment equals our subjective
time preference.

This was the result shown for consumption and investment in the world without capital
markets in Fig. 1.6. At this point, our level of utility has increased from U, to U,. However,
with the opportunity to borrow or lend, we can actually do better.
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Note that at point D the borrowing rate, represented by the slope of the capital market
line, is less than the rate of return on the marginal investment, which is the slope of the
production opportunity set at point D. Since further investment returns more than the cost of
borrowed funds, we will continue to invest until the marginal return on investment is equal to
the borrowing rate at point B.

At point B, we receive the output from production (F,, F,), and the present value of our
wealth is W, instead of W,. Furthermore, we can now reach any point on the market line.
Since our time preference at point B is greater than the market rate of return, we will consume
more than Py, which is the current payoff from production. By borrowing, we can reach point
C on the capital market line.
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Our optimal consumption is found, as before, where our subjective time preference just
equals the market rate of return. Our utility has increased from U; at point A (our initial
endowment) to U, at point D (no exchange economy solution) to U; at point C (the exchange
economy solution). We are clearly better off when capital markets exist since U, > U, .

M 1.9 AT, AR H AT Cy,— B #0898, RARZ r A
(C,—P) #ATHATH Y, I ERE RN Py, HATHIHE A E N C) o BHAE 1 I
PR (R—y) , HAW (B-C) M TEAELITR AR, #FW (C -y HT
VI 2%, by, VIVEZR R EN C . AT LRSS P -C =(Cy - P)(1+T1).
P . C .

P+——=C,+ =W,
L P P
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1.6 Decision process
1.6.1 BFHBEOLT HIHREK

CL A by, BRI, b g A A 3

(2) Rl A, B A, Il e 3t

(3) WIHEHM, FlRe (FHZ, &) gogdr, ifgoEin .
IR R R g A2 AP BB R R MRT=1132 8% r

MU PR ——R A eI BRI Z AT (R DY, I () (4% MRS=117

R

1-29



1.6.2 Decision process

The decision process that takes place with production opportunities and capital market
exchange opportunities occurs in two separate and distinct steps:

(1) Choose the optimal production decision by taking on projects until the marginal rate
of return on investment equals the objective market rate;

(2) Then choose the optimal consumption pattern by borrowing or lending along the
capital market line to equate your subjective time preference with the market rate of return.

The separation of the investment (step 1) and consumption (step 2) decisions is known as

the fisher separation theorem.



1.6.3 Fisher separation theorem

Given perfect and complete capital markets, the production decisions is governed solely
by an objective market criterion (represented by maximizing attained wealth) without
regard to individuals’ subjective preferences that enter into their consumption decisions.

An important implication for corporate policy is that the investment decision can be
delegated to managers. Given the same opportunity set, every investor will make the same
production decision (P, P) regardless of the shape of his or her indifference curves. This is
shown in Fig. 1.10.

Both investor 1 and 2 well direct the manager of their firm to choose production

combination (P, B).



W * Capital market line

A

Investor 2

Investor 1

Fig. 1.10 The investment decision is independent of individual preference



They can then take the output of the firm and adapt it to their own subjective time
preferences by borrowing or lending in the capital market. Investor 1 will choose to consume
more than his or her share of current production (point B) by borrowing today in the capital
market and repaying out of his or her share of future production.

Alternately, investor 2 will lend because he or she consumes less than his or her share of
current production. Either way, they are both better off with a capital market. The optimal
production decision is separated from individual utility preferences.

Without capital market opportunities to borrow or lend, investor 1 would choose to

produce at point Y, which has lower utility. Similarly, investor 2 would be worse off at point

X.



In equilibrium, the marginal rate of substitution (MRS) for all investors is equal to the
market rate of interest (1+r), and this in turn is equal to the marginal rate of transformation
(MRT) for productive investment. Mathematically, the marginal rates of substitution for
investors i and | are

MRS =MRS, =—(1+r)=MRT

Thus all individuals use the same time value of money (i.e., the same market-determined
objective interest rate) in making their production/investment decisions.

The importance of capital markets cannot be overstated. They allow the efficient transfer

of funds between borrowers and lenders.



Individuals who have insufficient wealth to take advantage of all their investment
opportunities that yield rates of return higher than the market rate are able to borrow funds
and invest more than they would without capital markets. In this way, funds can be efficiently
allocated from individuals with few productive opportunities and great wealth to individuals
with many opportunities and insufficient wealth. As a result, all (borrowers and lenders) are

better off than they would have been without capital market.



Chapter 2 Basic Framework

EESZ8
Ot m FREiray 5% , QFHEICE, OREMNZE,
R

2.1 Environment: Time and Risk

Consider an economy defined as follows

® Two-period world: t=0,1.

® QO possible states of nature at t = 1. Let Q={w} is the statespace (R A Ak
MES) , w=1-,2. Let p, be the probability of sate w,0< p, <1, zw p,=1,

P={p,,weQ} is called probability measure in the state space.
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® A single (perishable) good to be consumed in both periods.

The overall environment can also be described by a “tree”:

2.2 Agents

There are total of K agents: k£ =1,---,K . Each agent is defined by the resources he controls and

his preferences (objective). The resources consist of three components: physical good/capital,

information and production technologies.
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A S5HLFRE
(1) Endowment

S5 B0 A I BN A 5 AR R AR R AN/ BB A T DU T 2l el e 2 R

4 endowmento 45 5E AN, FLEESE “ 0 20RO T 2 perishable), & —
I AN — R RARAS N 1) endowment & AN AR

Z 5% k€ U endowment N ARAERE— IR (RO & —RIRERZE T I
(IR e ICARTE O I EEI N g, « 76 1 Mo RS TR N e, Hi we Q. WA
ALHES 5 # K ISR R -

& E[g,o;q@l]:[q@o;[q@u;'";q@lw;"'q@m]]ak:17"'>K- = €R1++Qn Le. €20
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(2) Information

Agents are assumed to have the same information regarding the state of the economy.

Without adverse selection and moral hazard
(3) Production technologies

For now, we assume that agents possess no production technologies.
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B 25& ML FER (Objective/Preferences)

TS5 5 A AT T E 4R 1 SR 05 LU 2 B B2 oK, R SRAN B I — ikl ok
EZ HFHMATAT R AE LIHE RHER T, 258 AT T KA TAEA R I AR
KAFRE TS X T2 5% Kk, dtbre o WIRH R o« 76 1 1 o RS IR 2k
NGy HPwe Qo MIATHTLIHES 5 K (1IH 2 e 8RR .

C =[C03 G 1 =[G o3 [Ciis 5 Cios  Cap Il K =1 KL
0 JUIFI B2 At 0 IV, BRI Z HEAFERTAE 1 IRRE, B, EAMK

Eﬁﬁ\%wo
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(1) Consumption set

¥ 2 538 T REITH P& ¢ = [ ) FR A — consumption plan, ‘e EFR7EA R AR
A NS B R AR, SR LA S ANRENLAR R, T LUE o AN 1]
5, IR HAEARPRES N 2SR . RO T PR R ACIRES AT AL 5 AN [i] 1) 52
WUE, — MR8 B SEEAE (¢, c,,) FRA— consumption path.

AT A e 9% v Rl i 424 1 48 consumption set, idfE C (ceRY,0 =R,

fl: xR, 18 x, MRS o NIRRT, il o A ACIRE R

o, 0,05, A, Wy
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EN 2.1 wANR"F—NMES . TR X, ye Aflac[01], ax+(-a)ye A, NIFK
8 AN,

EX 2.2 0T RS A MRHPRHEERFY & (1I=1.2,), ikl a, HathfE A
Hr, WIRREES A2

WR— RPN TC R AL adf, WHEZFI IR R EL a bf, FRiZF800 4.

B 1 WHRE GHFEZM)D) ¢ =R &R [ closed convex subset.
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(2) Preferences

Z 5H M5 75 K A& A T4 F consumption plan (1] preference KA. fhlf
G E X PRGN BRI TP AR, IR S TR R R . I
%€ X 2.3 Apreferencerelation isa binary relation = on C such that

1. 58%", Completeness: Va,be C,ax=bor b=a, mip&#8NAL,

A RMBOE BIRAE A NAEAEA A 2538 7 G2 18] HAT W R 4« X AMRE2 A
TR e — RS WIS, NI AR I, BT HERR PP S AR L A HE Y o
aflb 2SR, iiffalb.

2. Bk, Reflexivity: Vae C,a>a

BN TR R DR E A S —FELf. Any bundle is at least as good as itself.
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3. &k, Transitivity: a=b, b=c=ax>c
R — S5, ER AR BB S . RIA T BEA-AE A — P2,
T RFAREAF R LT ZIEIA . FSE AR BAR LG, XA SR A
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(3) Basic Assumptionson Preferences

ANH 1 AL insatiability: @159 a>b, 4 a>b.
TEFTAH AR T a #A L b 3 AEKW 2D, HAER LR MR 21 2
INFE 2 JESEYE continuity: Vee C,{ae C:axc} and {be C:b=<c} are closed -
AP R B, BE I BT AR AR AR B A A 2, T4
EAMTHE P RAZSE R ”e IXAMBUE PRIE T R IF AN 23 ISR PR R0

A 3 "M convexity: Va,be CLLKk ae(0,1), Wias-b, Haaa+(l-a)b=b.
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(4) Utility Function

BB T 45 € i < 28, AT TAT LLgs f— N S o R 7 — A S8, e &k
Hl, f#1%Va,be C,axbEMA a WBJIMEANT b BKIRITME. XA AIH %R 2S48
ISR A RO R
5E S 2.4 XTI ORI H s U 2 A C 2 RV, U :C > R, fiif3 Va,be C,
M HANYa-biU@=U(D) .

FEANIE BT Wi 1 20 AR A O] R B R s T 2, JRAT T 20 45 i f ok 200 _E 53 )

ey AP S rER R Y SR IR AN R E R

SER 2.1: (Debreu) XFT—ANEMI. M 2edE C Ll X 2.3 e . Wia B 2
R, e e X T C LIESSHREU(), 143
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Va,be C,ax=b, HHX*U(a)=2U(b)
M C AR TCEN, R 5C R = K2 AT AR R R 25 R 5 e
P16: #4123 HCH
MEER 2.1 A 3 ) 30H bR KU R Cordinal) (9 RIE LA HY T 91 2 RO HERE
ROH BB AR TR TE B AR M A 2o O XA (K R0 R B S B B AN 2
20 BB Ay i e 1) — P R T 20, AT i 1) = AN R A e 3 3 ik A

1. AW YE insatiability: W5 a=b, M4U@=U(b).

2. &4 continuity: ;jngU(%):U(a)o
3. P convexity: WHU(a)>U(b) Hae (0,1), AU(ea+(1-a)b)>U(b).
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2.3 SecuritiesMarket

FELEDE I AL B ARIABTRIL T (2 54, BATHAE 275 18 2 5 3 o] fic &KL B
LA A2 AT R 85 A 5K T B8 U5 AR TC SR A S RS . i S
AL FIPRORAS FRC & Pk
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A EF RS AT

STt — A A A, A security is a claim that yields a future payoff:

Ix,0=1,,0) .
space, RIFTHATRESCAT AR,
— AN X =X

IFo —MCBRIIESE . XSS B

HNIEIE &I DI

e X 1 8 T — HAE

& X R® Ny payoff

X1

X2

G R E SR AR AT LA 3 B B IS R BR T AR KR S Br e BRIR DL o

B RS RAMES E N HARZRZ T S HEAT NN, =, RIS 5H

FRERTE AT BEARAS B AR A MO I ML, AT TR SR TE B —BOA FUEZR SO MR A1 .

A UEZFAC IR Rl 25RO, Wil i 37 i e S7 1 4
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B Market Sructure

Suppose there are N securities traded in the market: n=1,---,N . Let (column) vector

X~,n E[Xl,n;X2,n;'”Xa),n;'”XQ,n]

denote the payoff of security n, n=1,---, N . The payoff matrix

)(1’1 cee Xl,ﬂ e XI,N le
X :[X.J: X»,n’ XN] =| X, Xpm 0 Xy |= Xa),-
XQI Xﬂ,n : XQ N _XQ |

defines the market structure.
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C Portfolio of traded securities

A=A U R R RSO — MIE SR 415
2 0=[6;+;6; 0 I RNUEHFALE, 6 2 FFAMALE HIES n EE

D

Z 5#% K WAL 6, =053 0ns 3 On] s O R HHIIRINFFAT R 55 o
WESE n AR . 6 6 A I FIT, 221535 1 SO AR N AL FR AR BT A (R AR 5 415 BT K
RS o
WA A 2 5% WANIRUE G KA, 4G B —ANRP sk I 45
DI (2.1)
EANHABRIRE T A nl 8 Uk dR4E A, BN market portfolio, X & Al

A UETF IR S .
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D Marketed

FEAT A3 x, R E W LA S & R B4, HIEAE 0, fifs Xo=x, NI
PR x y marketed. CPTAT TSR G0 M, AT

M ={x=X6:0eR"} (2.2)

M 2 R% 1A N 41451
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E X5

Let S=[S;--;S,;--;S,] be the (column) vector of prices for the traded securities.
K I LA I PR 28 A A

% 6.(S)=[6,,(S);++36,,(S);-+; 6, (D FENZ 5 KAEN M ST UETR B K ) o
WIRT AR B RE () S, AT UEIR IR G 7 SR 4 TR SETE SR 1 ik, % T
{2 HEVIRFAA .

>..6.(9=> 6 (2.3)

H 15 2] market-clearing price. =\ (2.3) £W, K& T4, market-clearing, A

2 5 market-clearing condition.
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Wi R AMER TSR N o R T (frictionless market):
PiAT 2 58 #8 ] LLE A 2 AR SR 17 3

BT A oy FRA AL

X2 53 IR A R B kT R

MMEZ 5 WA o ARSI i
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2.4 FEAKRZFHER

SEX 25 —ANGHFE R

Lo AP, 0R L, 761 WA QR BERES . X TR RGN E P K
A —FOAN R B A7 1R T o

2. &G KNS5

(1) =S H5ENIAAMRE R AW ReIEMAHFERER, B P ik,

(2) H—25FAGEKe e R

(3) H—ZHEHFEXTC=R"™ L, HilEAT 1~3 L~ .

3. A AIHEH N X K TE R IES 11T
SEX 2.6 £ LIE X2, WRPTAZHER) 1SR DA AR e 41

HHISCAE, WIFANTFRZ A security-market economy
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2.5Market Equilibrium

MR UEZF T S AT (R B C E R ) DA G I P T A LR R e
T, YER S UETR, R EATARK ST A LIAERI RS, &S 5 E RS R
RIUESR R5 AT B DU 2 S AR SO o R ORI UL TR ks . 50— il 2
5B IR A R SRR R TR A% o AR I R AR TR I /7 SR IR 1 5 e i it

%y, WIHIER| T equilibrium, PN, Z5HFESF AT EMFATEIF Ll .
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A Agent Optimization
BAINSHENIEFRA 2N RICER TG, id0=[6; ;0,1 8 —MEFd 5,
Oc R", TIHLHIA X, HE MmN E NS 0, 1 RIS h X6 .
ZE— NS HE, EER e, WRELHAGE, HIEHAEN

c,=¢-S'6 (2.4a)
c =¢6+X6 (2.4b)
3 MWL O, AT LU — AT I SO X6 KSR R R A H 2

XA SR FRAEAZ 5y 6 B BT A vt Rl AR, 4 e B e, OMEHUAfE T
Ho R ¢, BRI

Be{X.S})={c20:c,=¢ -S'0,c =g+ X0,0e R"} (2.5)
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Be{X,S}) kN BAEIK e (S5 H AT NG 0 { X, S} IEZ: 11 4 i
budget set.
Z 5% RGO S R et R, BDEE T I S LA ) R

max U, (G)

st. G, =6,—S"6, (2.6
CG1=6,T X6,
C,,C =0
DAt AT LA 0 15 i
A U 27

The solution to the optimization problem gives agent k’s demand for the securities as a

function of the price vector and endowment, itk 6 (e,S).
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B Market Clearing

LMK () T, B—258F B iEHFwKE G (e,S) . FATALL
2 5H5 YU I3 FeA BN SR 885y . AT g, A ukgs 1S 7 R 4 4%
T R4 . Themarket clearing condition is

>..6.(8,9=0 (2.8)
X E T A8 5y k5 1) equilibrium price.
KR ¢, =6,—-S'6(8.S), HIEFFTHHHELM (2.8) 132
2 G0 = 2480 =S 2,889 =2 &

IEJEE’ Zka,wzqu(’w,a)zl’...’Q
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PR, R334 I 0 G 7 S i 1 i, FRZ A Walras £, 1T EAS
DG =D.8& (2.9)

P, KB EFERN PR

HAE, RATALZRORE ) SRR Z HERNRMIERA S, X4 T e

K 6.(g.9S) -
9, I NS SR Ik S — B, AT US4
S=8(P;{U,.g:k=1---,K}; X)
Security prices are determined by “fundamentals”: risk, preferences and endowments,

security payoff.
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2.6 BALMH

X 2.7a Pareto fifl: ELE A={c,VK} Fil A'={c,Vk}, Pareto FHLZTE, A-A',
s.t. (1) Vk,c.2c., (2) Ik,c >c,..
SEX 2.70 BLE A={c,Vk} Pareto LT A'={c, vk}, WL
Vk:U,(c)2U,(c) (2.10)
B AN E DA 55 o IO VKU, (¢ ) =U,(c), (203kU,(c)>U,(c).
—ANECE A LA T AR, AU e T 2 R (FR R
PRGER . I, FATN A % & L RIRAR L E . id{g, k=1, K} hZFFH
I 25 45 IR SR

SEX 2.8 HhELVFI R e, VK], —AMACE {c, VK] & feasible, IR
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DG =D & (2.11)

FAT I T B B T A I R B
SEX 2.9 (Pareto Optimality) WIRELE {c,, VK} £ FTATI, HALLE SN T & mmT
ITHCE, et

Pareto St ENFE AN FA 22 15 25 1R AR R B HT B0 2 SRS IO ATHR 1, A RE AT =
—ASHEER . —okdl, SEsSENmE, HAATICE N — AT A R R
11 S IR AN A o

Pareto AL MM AT H L8R H#ARN T HAh 2 5 5 AR .

Pareto f L B AL ML efficient FLE . WIARIEF 1134 VS 5 #1453 Pareto AL
H, Bt efficient market.
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Chapter 3 Arrow-Debreu Economy

TATRI S 2 5 b L AR A T — M WE SR N34 T, 5 5% W
LR By UESF RS U] 5 e X L8 8 LR T 3 anAn] 1 8 IX LE 47 4
3.1 Arrow-Debreu Securities Market

%€ X 3.1 A state-@ contingent claim (an Arrow-Debreu Security) is the security that pays

1 unit of consumption in state @ and nothing otherwise.




Ef&ﬁ@*ﬁﬁﬂ@ﬁéiﬁ X(a)‘) — la,(a)') _ {1 w'=w

0 w'+w

XTEE—ANIRES, AT LUE SCH M PR S B BESRAL GIEYR), B Arrow-Debreu
Securities, AT QAMIRAEATERA . HHITAT W] BEFPIRZE BT ZORBL CRIEATTI e 4tk
A BRI BAIE S T3 U fil Arrow-Debreu Securities marketo AN [RIIEZ: (1440485 0]
REFPIRESE, BN =Q o 4% MO IR ZORHEF PR 8T ZORBG W7 454 0 — A~

(OAZELEE
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3.2 SatePrice

it g, AR @ B UESFAE 0 MRS CLL o ST 2 WO SRR o BRUAPIRAS B T
FAE 1 RSN @ WA SR TANSRAL, P E I A B RO IR o BRSO -
1T A-D UEZF T 02— MRS EAEIE R I 58 246 &, DI IRA A TR 58 44k
o &M mRICo=[0:50,;50,], H

9>>0 (3.1
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3.3 WM Eet

Arrow-Debreu Securities A —MEZ AP 7] DUTPIRASSCH 2RI A& A=
R RIS o ICX=[C 155G 055G ) W T IHIE it B rSan 1 B RAS X
A USRI G o BALPPIRES 1 8k, -, ¢, BAHPRE o B UESE, -+, ¢q
B HPRE QEAIES:, Bl O=[c,;---;C,;:Cql e EMSZATE

X8 =X"P[C 556,516l =[G 573Gyl 3Gl = 0 =X

'0=> 8.,
SES 3.2 WL R AT A B ) B T LA S oA PR TR A 1 T A8 50T 25 P 4 oK

AhE, A FRATHARIXANIESR 1732 complete.
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3.4 Optimization of Agents

25 A-D UEZF 1T LA SOIRZAS A ZERBURIA A%, AR 8 — A2 5 F AL 1)
e HE A%, JLEEY e RHRECH U 4 E TS KRS EHIES,
WATAT LN Z 5 #1150 2 fh o) 1% SR A B UE 5 W) G FE = 418
0 =[-8, ;€ IR 52 HHAE 1 MBI oE 4 —F

X*Pg=0=¢g

6 M1k replicating portfolio, ‘BIMISCATEH T4 EM—N3 Al g &0 M ER
¢'0=¢"e, HHUENY LTS . WS 5HH SRS

w=eg +¢'e (3.2)
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fE£ A-D 11T, TATAT LLRAE — A2 5 EA A S e St iR B0 w=¢, +¢'e I
Pl Abn] UK LE LR S BLAE A 9% oo APRASBA IR AL 6, ARG BIAKIT
e =X"0=0. ML DL RGP L ARG BLAERRE R 0 2 (4

S AN e B

il

c,t+to'c<w=e+g'g (3.3)

S TR 0 G = (g0, T2 1 B O I B SR @, 1R AT, T
g =1. FULARATHE Y

dc<ges g (c-€)<0
WA 94 CIER R, (2.6)2UH AR AL i) AU A2 ik «
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max U(c)

st. @'(c—e)<0 (1) (3.4)
c=0 (1+Q1)

SEF 3.1 4 C=RI" HUO) A C g, b (3.4) Gk,

1EZ 5 H WA R B, Bk B d O i AR G 2 AN BRI, U s DR gt i A
PSR AU, RN AR T AR, FRATTRT DA 2 bl e 24 SR R B B S A TR
HBAR. L, 5% KRR AR

max U, (G)
ceC
st. 9'(c,-6)=0
Pt hr i B H R
L=U,(©)- 44" (G -8)
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FO.C:
DU, (c)=A¢ (3.7)
A TR e . XS VK filoe Q,

aouk(ck) :21<¢0 :/,ik
awUk(Ck) = ﬂk¢w

9,U,(G)
P Toiend g (3.8)
. (G) 7

(3.8) HUEAE A—D UEZF T H AT 5 2 5 & TE B AL I 264 . EAlIE 2
FEIB R A, 78 1 WPIRZS 0 N H 2% I RBR ] 5 0 JU19H 2% A3 bn A 22 LEAE - o AR

Bk, (3.8) RAJES K.
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LT BEAL 0 JIH 2 AT bn M o BRI R B 2, R e E MR
THICIRZS 0 AT UESR o AEMTAS @, 1, BF— AL 0 JITH S BEHAT 1/ ¢, FALIPIRES 0 BATIE

77, ERMERE 0 N3/ g,, BRI ﬁﬂ%ﬁ¢ o RXHLEEAMAL. Mt

[0

(3.8) ASURULE B EACN, X2 5E KU, A RN IR 0 A2 11 92 Jo = 57
i o
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3.5Market Equilibrium

gy ARSI, XS5 H AU S AL IR R R IR, A1 i AL

DI .

An equilibrium of the Arrow-Debreu Economy is the set of state contingent prices

{@,: e Q} such that

1. Optimum for each investor K,k=1,---,K

c.(6.9)= ArgMax U,(c,)
st (G, +0'C, =6, +0'8,
(2)6,20

2. Market clearing

zkck,o(Qw¢) = zke‘k,oa chkl(ek’¢) = Zkex,l
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SEFE 3.3 X X 2.5 GEARLHIAD 45, f£1E Arrow-Debreu 1IFJ5 1173114 b
KL, B AR .

yiEet, 2 HERIE T MR BRI S AL AR e 1 ERRE T
XA BFBAETREME . IEH, i 25 &I EN R T a2 5. B
B, B 3.8 XfF

9,U, (G) ”BU(q)

B, EARMPIREST, A2 5E AN LRSS, U2 550 DAL 5 RS A
U e SE A I, X2 T i — A M 5
%1 3.4
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EH 34 XMFw X 2.5 FAEHN, fAAE Arrow-Debreu UEJR T T KU, ISR
(195 YR C B S Pareto I, (WAL T 245 — e 2D
First Welfare Theorem: If asset markets are complete and if the agents’ utility functions
are strictly increasing, then every equilibrium consumption allocation is Pareto optimal.
Second Welfare Theorem: If asset markets are complete and if the agents’ utility
functions are strictly quasi-concave and strictly increasing, then every Pareto optimal
consumption allocation is an equilibrium allocation under an appropriate distribution of the

aggregate endowment.
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Chapter 4 Arbitrage and Asset Pricing

4.1 —fRTHEH
A Composite Securities

Most traded securities have more complex payofts than the Arrow-Debreu securities. Let

n=1,---,N denote the composite securities traded. X =X  =[X ;=3 X, 573 %] be the

vector of payoffs on security. For all the securities, we construct the payoff matrix X:

Xoo o X Xy
X: Xa)l Xa),n Xa)N
Xa, Xon Xo N
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B Redundant Securities

R LA GRS, BN AT AT BE AR AR DGR bet, Al ReAEAE— JUE
%0, BRI LLE R A UE S A G . AEIXFIE LR, SRR RE X R
PRI o 2 X AIBRIESR | Ja MISCAIHRE, X =X, X X X 1 X x RIESF

N HSCAT . 4 6 N N SR ALK AL, 1 6, 25k | 5 H) N-1 JEZR A5 .
B OB x IS AL, Bk, f77E 6, AT
X =X,
FHHABE S 10 S A3 vT LU RIS | 10504 . BRAE S 18 AT —A 0 AR BN S £+
x=X@=X,0,+0,x =X,60,+6,X,6;=X6,+6,6)
o, 0 25 j RURZR Ao 355 BLIT 2 M ER § 5 ) N-1 JOIEZR A it 4l 6, 3
AUES | AT LLAE AN R SCAS, BT BLIESR | #509 redundant security «
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C IEZF WA AT

BT B, X i Eirt X ik v ] DU B M SO RS, X
R X AP IER S E Al Q . B X2 CE M N RIS, Bk
U2 rank(X)=min{N,Q}=N.

25 € HA LM SO AR X IETRER G, AT EUE il NN g 4175, id
K6, 6,0, 6y o SEIFERA T LHEREAN LG A —MIES, B IS A AR

)(1’49l e Xlﬁn cee XI,HN
XBE Xa),ﬁl Xa),Hn Xa),HN :x[ela"':en:“'aeN]:XH

XQ,HI )(Qﬂn XQ,GN
b, X, M8 n FIRAA 6, AT M. X, e ilifkim.
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W AH=[6,.6,], WHA (NXN) A, BR&414 (B H 5D 2
o2& M v W, H W k. i T rank(AB)<min{rank(A),rank(B)}
rank(X) = rank(XHH ") < min{rank(XH),rank(H ")} < rank(XH) <rank(X) , T 2
rank(XH) =rank(X)=N . K1 X, 2 HFE1 .
FX L SAE A IEARIT, AT LVAERGX A A A S R, AT LA
RS IR UE S
X =X,H"
H 1055 n 4, GafEH, 4 T IHALE 6,6, ERI— ML A, B X,H 105 n
H), XHIFERIEE n FOEZRESAS AR . Wt ul, 6,6, FAE H, ST s

a0 JUES . RIGIER R A5G 6, #aTLIH 6,6, M4& H ™o il
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X@=XHH'9=X,(H')
I, WERALEAERERE, ML 6, 0 R4 T IS I — S ik .
D 4R Span
A% & rank(X) = N = Q IFRFIRIE T, SHEE X & — AN Q IR0 7 . BRI ER
A LS S UES S HTA K A-D iFZ5.
N, QXTI R, Lo MR 1. HABTTEEN 0. 4 THIE state @
contingent claim ({321}, A

M X GER I, BAT T H AR

0,=X"1,=>6=X"=X"

45



WU, G0, 7RE o AR 1, HAREASAT. Kk, 6, 1E& state @
contingent claim. 477E X, 6, /&M, Bk, EWIRLHIBRlTT %451 A-D 55 2 1)
[T XN ORI oF X NAE RS @ 1) A-D iEF.

EH 4.1 The securities market is complete if and only if the number of securities with

independent payofts equals the number of states.

FEIXFMEOL T, BATFREGE H BIANE P Al da i3 25 A 1
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Ml:Tﬂﬁ%%ﬁ?%ﬁﬁﬁ\%ﬁ%@ﬁ%%ﬁﬁiﬁﬁ%,X:E ﬂom

1 3
%xmﬁﬂﬁﬁ#z,amxm@,ﬁﬁﬁ@ﬁxﬁ=;3 g . B ESFEF,

13 13
w#&%%;ﬁﬁmgﬁﬁﬁmﬁﬁﬁéiﬁTADE#@NO%Mﬂ,
a@FEir%~ﬁ%%%ﬁﬂ%%ﬁﬁﬁé%&TADﬁ%mmo

W AR A I S UE TR A T8 S Bt~ AL 5l 43 81 A-D kSR, 3L A-D 1SR AT BAAG 2
RSO ALE, rr A,y DU k23 1 B - AL S 1 BT SO S 2R . i

e T IR



B 2: K TAFBISAT[S5;2], NS 5 FRAT T A-D UEZF[1;0] F1 2 $LA7 1) A-D UEZF[0;1]
T A-DUFHEAT AL S, IS T AE S, Wi eI & s Iix— A . ik

1.5
13713

2

éﬁ/a\a(l):[ }iﬁET A-D IEZ#[1;0] a(2)=[%; 13}@5}‘2T A-DIFZR[0;1], N T

SKILSAS[552], AR S A T A UESF -

_L 3L
?1 =5a(l)+2a(2)=5x 13 +2X 13|13
% El e
13 13 13

HIVTE D 1713 B H B IR SR 1, 5K 21713 B0y Bl k27 2, 4 tH -4 &

A LSS AT [552]
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4.2 Arbitrage
WA GUEZFIIN A T B S=[S;-8,]» SUAHERE Xo A X 2 S MR FR 11 57
FEYT KA (asset pricing relation or asset pricing model)
A IERIL L =00, ] T O WA N ST, 15 1 WS
N X6 .
%€ X 4.1 An arbitrage opportunity exists if and only if there exists portfolio & such that:
(1)S'<0
(2)X0>0

(3) at least one of the inequality is strict.
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s BRI LA Sy =R

B 1XEF: STe<0and X6=0

FIKEFR: Se=0and X0>0. WEHET N 0 FI415 MY arbitrage portfolio
BIERER: STe<0and X8>0

BRI AR B R, BRI HESR R MRS TS, M=
AT BRI T RENE . FAH R R — A T e . A EEMILE, Prfy
NFRAT AR A X 2RI L2
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4.3 Principle of No-Arbitrage

U8 SRR, IER MRS AN RR AT R, st ] BeAAE B RIBL 2
SEE 4.2 1R A HEERINL 2
W BRATH IR R IX AN 8. 2 {o, k=1, K} WM E, S HHUEHN
BIBEANRS . X N SCATAERE . BT AAE R BRI 0. iERATREIE 25 k
MIBERIAE S o IXAN T SR G IR EI AT A AR 10 242 ik ¢ +[-S'0; X0] > ¢ o BN
RN, ¢ +[-ST6; X601~ . B, XTS5E k Kl A, X5
FJE. QED.
EX 42 TR : UEF TP AEEERNI% .

VENUEZF I A NS AT HIEEAE BT, T B A T BN UE Z3 A A1 S A 22 1] B 50 2R el 9 7
FET AR T BRI
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4.4 Fundamental Principle of Asset Pricing
TEM KRR BAD FRINEIEZR SR X ZIHAHS SIUBGS, w5k
S=V(x) (4.1
SEH 4.3 Law of One Price: P HATMHFISCATFIES: (GRAE) HIHHE e IR . B
W x=y, MV =V(y) (4.2)
SEH 4.4 SZAPRIEMIES (SRAL5) Mk R, B
W x>0, MWV (x)>0 (4.3)

EH 45 ZE ISR 12, WAAESR 1 ST B K THIESR 2, WIREZR 1 HH s 4
SE e TUESE 2 Hf g . B

W X =%, WV (X)=V(X,) (4.4)

Pk, V()i s T,
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EH 4.6 £ NELEEN Y, @& FEBmEmertE ro mydv, =
abe RUNMHAIA x, yHl z=ax+by 1 3 HiFks:,

V(ax+hy)=aV(x)+bV(y) (4.5)
B, VO REMHE T, HV(0)=0. HILEH 4.6 BRE €M T RA 0T EX.
V(X)=¢TX=§:¢wa
Hr, g 2&—A (QxD) WiEmE. EXAERKX LS A—D uEFr i BRSO 2
A AR, ¢ RSO, HBAUNIE. X R ¢ Hot— e,

EH 4.7 (Fundamental Theorem of Asset Pricing) In absence of arbitrage in the securities

market, implies that there exists ¢ >>0 such that

S=(@"X) =XT¢ (4.6)
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TEMEREAAE AT LU P S S ISR E M FERPRE MR R o >> 0. — M)
(K1, XSRS O A ME— ().
SEH 4.8 £ SNSRI, WRESUR A ¢ 21,
UEW]: 4 SO Q HAC G TR Mk 17 &, 6, 8 e REHPRGS o S IEZ= A & .

2, WS o WREME B ¢, =S'0,ME—45E . QE.D.
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4.5 Risk-Neutral Pricing and Martingale
BB B GRS, A — R R, BAE LIRS el 1. A
ST X =[5 =1, M S, KE e Che RN 1IN E. BEE™ &
IEATFEL, AFAE A" 0 IR ARO[ 5 @ v T A e 27 e A, E4E 0 XU
WESR. B, XTI, A
S§=0¢=2 94,
52 S 1 B T0 KU UEZ7 BB SRAG (11 S AT i3I 25 2 (net rate of return), WHAR{ETS

MESANA, IFEh re. U

. 1-§
l+r)=18¢r, =——
S+r) =15 S
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A A 52 TR (time value of money), R4 st T PAA KK 1 Hupr
PR AT H R KA E T I T 3 B R .t e R R

1
o =>.9, (4.7
LS 1 A 2 TS L
§=—=3
S l4r, e

LT AAE 0757 A s 8 Jl e S e e B 5 B (discounting) o

1
1+r1,

UL, BEF IR S SRRSO T L. XA s B R 2 B WAL

K re R 3 I
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RT3 I BLAIES A1 X, = X, =% i3 %, IREES N, H5E 4245046

S =%0=2. 0. Xun
H, n=2,---,N. Define
A =0/, %
Clearly, ,>0 Vo and quw =1, Hence, Q={q,,we Q} can be interpreted as a

probability measure over €. Hence, we can rewrite the pricing equation as

1
I+r1:

S =%0=2 8Xn=2 8 8%, =S, UXpn = E9[%,] (4.9
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KL, AHCUES: n BSOAE 2BV R IFCAE X, 10 E°L] M R 722
JEQ MHUME . X (4.9) 195X IEFFI s mlE EEMARNE Q N AR ST

WS AZ R HT L, FRZ A risk-neutral pricing A3, Q ##K A risk-neutral measure.

Bl S =—— Hx =1, %refhan 49 wrblEn

I+

S./S =E°[X /%]
HER S S, ZUESE 1A n LILIE IV 28 A T S i s . a2tk S, /S
WEIES: n LUIES: 1 o vh A ks o a2 U, WERIRAMER 1 BALRIUEZR 1 4R A
Mo TS, TR AGIE S5 n ¥ O MM A AR R S, / S o T B AE TS U X/ % =% o
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R, BATIE S, =S, /S, TR A R . U 0 E B (X
), XE t=0,1, M4, BATE
S =E°S.] (4.10)
Hrr, t=0. @URIEAF BRI S B—A81, AT DS B2 — B
BN 43 WR—ANREHLLERE, 7,2z, AR ROE A S T 0 T R A 1) 245 101 42
2 =E[z.,], BAIFF2 hk
KL, (4.10) PR 2 AEis s vk iaAr, uEZ A i 70 U il 52 Q
&k, Q tBARYE equivalent martingale measure. “ZEA” & Q 5 ESZIMERINE P
ST o 4 E SRR R, an SREAT T AH R 0 R4, gl Uil p, =0 4 HAX Y g, =0,

VBRI P AN 4 S A 1 o
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Chapter 5 Options. An Example of Arbitrage Pricing
5.1 Options

Let X be the payoff of an asset at t=1 and Sits price at t=0. In what follows, we often
call the asset “stock”.
3 5.1 An European call (put) option on the stock with strike price K and maturity
date t is a security that gives the buyer the right to buy (sell) the stock at maturity at price
K.

Let C be the payoff of a European call option at t=1, P be the payoft of a European

put option at t=1, then

p=[K~-X] (5.0



XA XA
[S—K]+
[K_S]+
0 K s 0 K s
(a) BEKHIM (b) BB

B5.1 KAPH LA

X 5.2 An American call (put) option on the stock with strike price K and maturity
date t is a security that gives the buyer the right to buy (sell) the stock at any time before

and including the maturity date at price K.
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R X-K B K IHALT intrinsic value, 1R —0 AU N ENE KT T 8/h T 0,

AN HFRZ 24 in the money. at the money Al out of the money .

Let ¢(S,K) be the price of a European call option at t=0 and p(S,K) the price of a
European put option; let C(S,K) be the price of an American call option at t=0 and

P(S,K) the price of an American put option.
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5.2 SomeArbitrage Pricing Relations On Options
By no arbitrage, if for two assets A and B, X, (w) = X;(w), Vo (ie, )N(A > )ZB) , then
S, 2 S;. Using the arbitrage argument, we have the following pricing relations for options.

EH 51 ¢(S,K) and p(S,K) are non-negative.

EH 5.2 ¢(S,K) isnon-increasing in K, and p(S,K) is non-decreasing in K.
Proof: VK, >K,, max[0,X —K,]<max[0,X —K,] . Thus, ¢(S,K,)<c(S,K,).
EH 53 ¢(S,K) and p(S,K) are convex in K.

Proof: VK, >K, and ae(0,1),
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max[0, X — (oK, +(1—)K,)] = max[0, (X — K,) + (1—a)(X = K,)]
< amax[0, X —K,]+(1-a)max[0, X —K,]

In other words, max[0, X —K] is a convex function of K. So is max[0, K — X].
FEF 54Let >0 be aportfolio of N assets. Then,
c(S'6.K'0)< > 6-¢(S.K), p(S'6,K'9)<> " 6-p(S.K)

Thus, an option on a portfolio is worth less than a portfolio of options on the assets in
that portfolio.

Proof: JECZE i MIMMAE A S, i=1--- N, BUHAIERESE ™ KR HAT I N K o
SR AN IR SR 6 o 0 INIBERAAGIINE R STO 1 INSCAT A X6

The payoff of an option on the portfolio is

max[0,(X —K)" 8] = rnaX[O,Z:i 6.(X; —K)]
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The payoff of a portfolio of options is
[max[0,X ~K]] 6= 6 max[0,X, ~K]

From the convexity of the payoff function, we have

maX[O,Z:i 6 ()Zi -K)] < zi 6 max[0, >’ii -K;]
The theorem then follows by no-arbitrage.
SERL 5.4 15 SO, REHRBUIBEEAS BOYB L] N B8 H .

SEE 55 S2¢(S,K).
e 5.6 —HLUER .
5E Bl 56 If there exists a risk-free asset with the rate of return r. , then

K

(S, K) > max[0,S—-—].

E
5-6



Proof: Consider a portfolio of

(1) long 1 share of the stock and

free-risk bond. (B K /2 TE R i)

2) short (b
(2) short (borrow) et

Its value today is S— " K . The payoffat t=1 is X —K .
+r

F
Since X >max[0,X -K]>X-K (P

K

we have SZC(S,K)ZS—1+ Qi

Also, ¢(S,K)=0. Thus

K

$206(S,K) 2 max[0, S—-—] (5.2)

F

5-7



SER 57  (Put-call parity)

c(S,K)+ K =p(S,K)+S
1+,

F

Proof: Consider the following portfolios:

risk-free bond

(1) long a call with strike K and long " K
+

K

It’s value at t=0is ¢(S,K)+ 1

F
(2) long a put with strike K and long 1 share of the stock

It’s value at t=0is p(S,K)+S

Look at the payoffs of these portfolios:

5-8

If there exists a risk-free asset with rate of return r. ,then
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X <K X >K

(1) | max[0,X-K]+K =K max[0, X —K]+K = X

) max[0, K — X]+ X =K max[0, K — X]+ X = X

Clear, portfolios 1 and 2 have identical payoffs. Thus, their costs today must be equal,

1.€.

C(S,K)+1 K =p(S,K)+S
+

F
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If markets are complete, there exists a unique, complete set of state prices: ¢@,,Vawe Q.

Let X, be the payoff of the underlying asset in state @. Then

c(S,K)= Z¢ max[0, X —K]—Z¢(X K)

—Z¢> (X, —K)—Z¢(x -K)
—Z%Xw Z¢K+Z¢(K X,)

= Z%xw —Z(pr +Z¢w max[0,K — X, ]

—-S—

+ p(S,K)

F
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5.3 American Optionsand Early Exercise
X2 FIHBCK L, early exercise FUERATAE X 55 R LN R 20 H,
Y ) AR 5 AH S AR R SA 5 4 o BRUA SRR 28 A BURI B BT, Tt AT 7
SEALIN A SERTAT, T ASE PRI AR 7K AN AR T A Y R IAL o IR 1t
C(S,K)>¢c(S,K), P(S,K)= p(S,K) (5.4)
SRR AT AT A — A B ZOR PR RIEZR SO IBEM . Let us now consider optimal
policies for early exercise.
A No Dividends
Call options. Without dividends, American calls should not be exercised early. Note that

the value of early exercise is S— K. But



<max[0,S— K
I+ + e

S-K<S- 1< (S, K) = max[0,S— K]

X, RBIPATRAF KPR BRI MM EA S TIEE DERAE TP
HETB I {E. Since the inequality holds in some states of the world, early exercise is
suboptimal.

The call can always be sold for ¢(S,K)>S—K . There are two components in the cost
of early exercising: (1) time value of the strike price (pay K now instead of later), and (2) the
option of not to exercise at t=1. Since you will never exercise early, C(S,K)=c(S,K).

Put option. Without dividends, American put may be exercised early at the optimum.
Here, the cost of early exercise is the option of not to exercise while the gain of early

exerciseis the time value of getting K (now instead of later). Note that
5-12



P(S,K)=max[K - S, p(S,K)]=max[K - S, o S+c(S,K)]
+Ie
If K-S> " K__ S+¢(S,K), early exercise is optimal. In other words, early exercise
rF
occurs if I: K >c(S,K). This is true when K >>S (then c(S K) is very small), i.e.

2

the put is deep in the money.
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B With Dividends
Suppose now that the stock also pays a dividend D at t=0. Snow denotes the ex-dividend
price. An investor holding an American call on the stock has two options at t=0: (1) to
exercise the option by paying K and receive dividend D plus Sby selling the stock afterwards,
or (2) holding the option to the expiration date t=1. Clearly, under optimal exercise policy
C(S,D,K)=max[S+ D -K,c(S,K)]=c(S,K)
where C(S,D,K) is the call price before the stock pays out its dividend. Similarly, for the

put

P(S,D,K)=max[K —S—D, p(S,K)] = p(S,K)
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1 (5.4) 2, B4 C(S,D,K)>¢(S,K), P(S,D,K)=> p(S,D) . For American options,
dividends induce early exercise for calls and delay early exercise for puts.
TEAT AN, BRACE R IBONE BRI TR B4 0 R 2 32 2 520 . Consider the

following portfolios:

(1) long a call with strike K and long

+ D risk-free bond (present value)
I+r1;

It’s value at t=0 c(S,K)+ +D

F
(2) long a put with strike K and long 1 share of the stock

It’s value at t=0 p(S,K)+S

Look at the payoffs of these portfolios:
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X <K X >K

0 max[0, X — K]+ K +D(1+r.) | max[0, X —K]+K +D(+r;)
=K+D(l+r,) =X +D(1+r.)
max[0,K — X]+ X + D(1+r1.) | max[0,K — X]+ X +D(1+r;)

@ =K+D(1+r1;) =X+D(1+r1;)

Clear, portfolios 1 and 2 have identical payoffs. Thus, their costs today must be equal,

1.€.

+D=p(S,K)+S

c(S,K)+ K
1+

F
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5.4 Pricing Optionsin a Complete Market
54.1 311

If markets are complete, there exists a unique, complete set of state prices: ¢@,,Vawe Q.

Let X, be the payoff of the underlying asset in state @. Then

c(S,K) =) ¢, max[0, X, — K]
=>9,Q.,¢,) max[0, X, - K]

1 po max[0, X — K]
1+r1.

1
1+r1;

E°[C]

N T AR BARI SR, JAT T RS Rs A8 1 I ] BEUEA R E— D i,
H AT T Z500S JBE S A A (R T R4 5 D LA i
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As an example, we now consider the binomial option pricing model for stock option.

Suppose that the price of the stock follows a binomial tree process as follows:
S { uS, HERH p
The stock price can go up to US with probability p or go down to dS with probability

1— p. The current stock price is  S.

1
141

There is also a risk-free asset with rate of return I, its price is B: B=

B —-l: 1, XK p
No arbitrage requires that d <1+r. <u. Given that there are only two possible states

(for the stock payoff), the market is complete.
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IAAT A ATREIRES, B r AR B, AAAEIRES IS R 9 =[4,:4,1>>0,
it
f

i
%

S=¢uS+¢,dS=gu+g¢g,d=1

1
I+r:

fiiZ7: B=¢, 1+¢, 1=

A @, 0y, RIAE LBRAN N BRI PRSI RS

1 (d+r.)—d 0, = I u—(1+r.)
l+r. u-d ™ 1+r. u-d

¢, =

PHASRAS s SR Z ML IS —— ISR A e —— S it s a1, JF
HEAIR e ARSI . 2352 ME— RRaEs s, AT

c=¢ [uUS—K], +¢,[dS—K], (5.5)
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WU, MBS RS A, FRATT AT DA & ST 2 FARAT SR 2= A
A European call on the stock with strike K can be priced by arbitrage arguments, taken

the stock price process and risk-free rate as given. We know that at maturity, the payoff of the
option is max[S§ —K,0]. Depending on the terminal stock price, the value of the option at the

terminal date is

_ |6 =max[uS—-K,0], §=uS
a= ¢, =max[dS—-K,0], §=dS

Consider now a portfolio of the stock and the risk-free asset: 65 shares of stock and 6,
shares of bond. Its payoff with be

_|R=6uS+6,, §=uS
' |P,=6,dS+6,, S=dS

Choose 6@ suchthat P, =c,,P, =c,. We have the following solution:
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C, —Cq uc, —dc,
HS: , B:—
(u-d)S (u—d)

The value of the portfolio at t=01s P=6,S+6; /(1+r1). Since the portfolio gives the

exact payoff as the call in all future states, no arbitrage requires that the price of the call

equals P:

po | [0+&)—d%+u—a+¢)%}:
1+r1: u-d u-—d

XA (5.5 o BHI A P& B B 0 thFR A hedge ratio 1 5

Given the state prices, we can define the equivalent martingale measure:

__ ¢ _(d+r)-d
q_¢u+¢d - u_d
1—q= ¢d :u_(1+rF)

¢u+¢d U—d
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We have

E%c]

1 1
[qc, +(1—-a)c;]=
r 1+

1+r, -

Define ¢ =¢ /B,S§ =S /B,. Then, we have

é{ = E[Q[ét+1]>s = EIQ[s*-l]

Hence, q is the equivalent martingale measure.

BRI E N 2

2.

A% AT IR

A BUR =AM (AL -

SO kIR o IXAEAS, BIAESCREE X g I TUYA— 2L,

AT IR I S50 T — 30 (B85 u,d, S K, 1), ATt S H —FereEih A

/N

O RIS KBS 1 s, B A B i AR A
3. AR EEYE (IR BRI LA RHIES).
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542 ZH

PIAE AT —RABIHE— 2D RIS, Ry i) 2 2 3.

NELE AR BB . T, BRI S, M MR
¥y, Llu,d g D20 ol 1) BT R e . Ja b B B IR SR KA, kAT

Wi K, 2 H 5 B b s i AR A B s Cu
Ja T IAUAE 2. HARCK I, C.
Cp = max[O,uzs— K}
C Cu
C,q = max[0,udS—K]
Cyq = Max [O,dZS— K]
TR EAFERTHAT IR, BHAT g R T Ca
AR, AT LS o0 IO, B m10.5 ARAR

5-23



G = —[qcud +(1_Q)Cdd]

-qg)c,|,c, =
q) ud] d 1+I‘,:

I+r:
PO R R FP PG IR 22 50, AT AT DA e DAL

1
C= Ty L% —Q>cd]=m[qzcw+2q(1—q>cm+<1—q)2cd] (5.6)

T 2 TR A B, R DA FHARARL R AR T 55 M i B U ) 4 R34
SUEEAE AN Pl rp 1 e B A T 0 ARG U I v SR R

B FEBEERIN B EFE K =020, B A 62 T8, ASATLA. SR A T
WIBUANILAERS 5> H 20, $ATH R 60 JC. BATHIZ R 10%, &Mk, &
AT B ] SO 2 IR B R 4

B BAT S AN B 1 T X S AR 1 AN, |
At=1/12, WIS HC:
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u=e"" =1.05943

d=e"2 =0.94390
1+r. =1+0.1/12=1.00833

IRAEBATTAT LA LS 6 A H (RLFEILAE H 4m) H WIS s (1) — SR 1

82.75
78.11 22.75

73.72
13.72

65. 68
5. 68
62
5.85

58. 52

0
52. 14

0
46. 45

0

B10.6 FA_XbHERRY S BIARAN
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R R AT SRR RS o BN ORIRA T RIS . IS SE
FAG, FEd a1 R RN B BB B E, et 0 F1S—K IECKME . Ui This
T RURE Y. [l 82.75—60=22.75.

A IR A R R B30 52 1 DG R AT B R, N R RO R — I Z g A
LB RS IE SR . SR T KRS T A g R L — qob . i, e b 1
B J2[0.5577 X 22.75+(1—0.5577) X 13.72]/1.00833 =18.60.

2R, — U, R R ARG 20 ZEAREI T, RIS
VEVHEL R BN RS 2 5.85 Tt

VE R XAV AR I S PO e ey, e SR M p N O AL,
(EEANBE ARG S P AT AT, AH SR 202 RS P g
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5.4.3 B = XM &t
FHZ SR B ST AR 8, R 2 il TIXANRUR, e BB

&Rl A s B T He e AN U I IR PR3 A 5 v R ] 7 i 31 58 55 2R 5 T
u2s :
| . —Edu:};‘ widT—isg
5 {“j—ldT—j-l—ls

K] 10.7 — M — X
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L w HCEEMIE AT, EFG. BT —j. Bt w FIMEDCQ—q) 7o T ¢
S K OF (w) HIIEZR, HoA kg A

PV(CF)= %qu (1—¢q)" 'CF(w) (5.7)

H BRI, L

CF(w) = max[u’'d" 7S — K, 0]

KT RS W ] XA, g 2 i i Bk kA (=01, 7). RS
(IR 1) M 3 33 A

T!

) 40

B(j|T.q) =

R RER SO B R AR, PRI, 1524
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oS

0

¢ (1—q)" ' max[u/d" 'S — K,0]

T =)
® Lonly EFHAEN MR N, DAME

uw'd""S>K or nlnu+(T—u)nd+InS >InK

® T j<n, maxu'd 'S —K,0]=
® XfTj>n, maxu'd 'S —K,0l=u"d" 'S—K

)

T

| .
S|

j=n .]

O(S,K,T) =

Py
~
|
<
~

(5.8)
—KR"

D e

j=n
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4

R-d .
q=——-—,9 =(U/R)q
u-d

S(mT,q) =) j!(TTij)! ¢’(1—q¢)"™
o7 . .
P(mT,0) =) AT ¢(1-q)"

KHLD (T, p) 52 A2 10 LAZS) MR p 1K), £ =B h B8 T s b

11 n KBTI .

T, BAMT

C(S,K,T) = S®(n,T,q)— KR "®(n;T,q) (5.9

Hrh, n AKTInK1Sd") I In(ul d) s MEREERL #in>T,0(S,K,T)=0.
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5.4.4 183 Wik

FBBIEANGE ST PR 2, AR LAZE — SURP o SR e ik, MR 7 2
WA T 12 TFAAEIRL M, o TRGE O, i FAES00 T i 20 U R (2
S, B R max [0,S, — K], BB max [0,K — S, ], BLHAEN
W r o 4 R AESRART — AU IR — 25 2RO BN, T4 T I 20 T
QAU At I T LG DR R 1 WKt D8, BESRART — 2AU IO —
8 ST PRUA LI, U T B T — A IRF A VR (BTS00 (22 T 1D At P LG PR R 1
Bk, WIEE . RBRRR IR, BT LUK NI %] CHRTINZD IR .

DL RN O, R SR, AR RS RO R — A b, HOR
FEARI R AT VORI Ak T F A AR, 30— AV 20 BT TR, SERR L
A g 4 S VR



5.5 Option and Market Completeness

b, FRADR IR AETUARUE S . MAE SRR AR IR AR IS, A F
SRR A IIBCE . AT, A5 RIS TURIEZF G T . BATTRAIEY
JIBCRT LASS REUE S5 11 3 1 58 A M R Al i i 58 44k
A Simple Option Strategies

Let us first consider the following “butterfly position” which is a portfolio of options on
an underlying asset (“stock”):

® long I call with strike K—4

® short 2 call with strike K

® [ong 1 call with strike K+06
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The payoff of the portfolio is

max[0, S— (K — &)]—2max[0, S— K]+ max[0, S— (K + )]
0 S<K-¢

_|S-(K-8) K-6<S<K

" ]-S+(K+6) K<S<K+§
0 K+6<S

X This portfolio has non-zero payoff only
[Sl_(K—§’)]+
- IS=(K+8)]. when Se (K—-6,K+68). 5N, g

’
-

//<\/// s RURZS AT UE 5 3B AL

K-8 K\ K+ S,

\
\
N

. =28-K].

M54 ST
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B Completing Market with Options

Suppose that there exists a security (or a portfolio of securities) that has state-separating

payoff, ie. X,#X, if ozo'Vo,w'e Q. We call this security state-index security
(SIS):

X=[X; Xy -5 X X,; X

w-1° 12} w+1?

. )(Q],)(1 << X, < X

Without loss of generality, assume that X, < X if o<®' (i.e., order the states by the

payoff of the state index security).
Now let us introduce European call options on the state index security. A European call

on the state index security with strike X, has the following payoff:

o+l Xa)’ Xa)+2 - Xa)” XQ - Xw]
w+1 w+2 Q

max[0, X — X, ]=[0;-++;0; X

Now consider the following set of €2 securities:
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(1) long one share of the state index security

(2) long European calls on the state index security with strikes X, X,,---, X,

respectively (one call each and total of Q-1 calls).

The payoff matrix for the set of Q securities is

X, 0 0 0 ]
Xz X2_X1 a

X=| X, X=X, X;=X, - 0
_XQ XQ_XI XQ_XZ XQ_XQ—I_
SS K=X, K=X, K=Xq,

Clearly, X has full rank (i.e. the market is complete) . Thus, a securities market structure

given by the index security plus €—1 call options on it with strike X ,X,,---, X, 1s

complete. This shows introducing options can help to complete markets.
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We can also show that portfolios of options on state-index security can synthesize state
contingent claims. Suppose that in state @w=1,2,---,Q, the payoff of state-index security is
0,20,---,Q0 respectively:

X=[8 26 - (0-1)& @8 (w+1)d; --; QF]

Consider the set of call options on state-index security with strike 0,0,20,---,(Q—1)d .
Note that the call with zero strike is simply the underlying asset which has the same payoft as
state-index security (provided that its price is non-negative).

Let X, (n=0,1,---,Q~1) be the payoff vector of the call with strike né. The payoff

matrix of all these options is
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) 0 0 e 0 07
20 ) 0 e 0
X=| wd (w-1)o - o -0 0
Q-0 (Q-2)0 -- Q-w)yo - o0 0
Q6 Q-0 -+ Q-w-1)0 --- 20 5_
X.,O X4,1 X4,a)—l X.,Q—Z x.,Q—l
K=0 K=6 K=(w-1)§ K=(Q-2)6 K=(Q-1)é

Consider the payoff vector of the following portfolio
® long 1 call with strike 0

® short 2 call with strike 0

® long I call with strike 20

This is a butterfly. Its payoff vector is
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Xp = X»,o _ZX-,I + X-,z = (X-,o - X-,l)_(x-,l - X4,2)
=[0;0;--+;0]1-[0;0;---;6]=[0;0;---;0]

This is a state 1 contingent claim since it pays d in 1 and 0 otherwise. It’s value at t=0

is ¢(0)—2c(d)+¢c(20). So, Q:%[C(O)—2C(§)+C(2é)].

Similarly, a butterfly with the three strike prices being (w—1)d,w0 and (w+1)0 pays

0 instate @ and nothing otherwise, it is a state @ contingent claim. Let ¢, be the state

price of @. Then

6, =5 {[6(K,y ) ~0(K )] [e(K,) ~0(K,,)]}

1
= srileo -eK)]-[e(K,) ek, )]}
thereis K, =wd,w=1,---,Q-2.  (F5HAH 75
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Note that,

X, =X g,=2X o, =[0;0;---0,6:0]

p

So,

b =§[c<Km>—2c<Km)]

Note that, the option with strike (QQ—1)0 pays O in state Q and nothing otherwise.

So it is the state Q contingent claim, ¢Q:%C(KQ_1).

For any asset with payoff {X_}, its price should be

5=y [e(Kpu) = C(Kw)]a—z[C(Ka,) - C(K“H)]5Xw
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Note, c(K,)=c(K,,)=0. BT @R K, ——X5N, Fibtnl DU K, #dRE, o
PAUFZR I ST AT AR R K IR, FRATTEL X(K) SRR IR UEZ# M) S, When state-index
security has a continuous distribution, B} K FJEUKT 0 LR SEEME, JFH c() is twice
differentiable, FATH 6=dK, WK

[C(KH])_C(Ki)]_[C(Ki)_C(Ki_l)] _ BZC(K)|

5 oK? |

K=K

and

s=[" 9*c(K)

, o X(K)dK

Here, we have assumed that state-index security is non-negative.
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We can define the risk-neutral probability by the density function:

_BZC(K)/ = 9%c(K)
aK) == 3 ) S X(K)dK

Note that the price of a risk-free bond is

2
B:ra e(K) e
0 oK?

Thus,

S -
==, aK)X(K)dK
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Chapter 6 Expected Utility Function

6.1 Expected Utility Function

BT R AR V()M P AN B8 s AR B 0 A LA S AE SRS X 9
(Kiftef o AEBATIIBETAEZ A, ARACRZS IIBER I A H ARG € 1T HLT 1 255 5 # g iE
Rk, —AERRARTREIES S EAD B i 6 U()RIsEna 5 Py 255 F AR RIE
RIS U(C) B REI 50 B T K

BBAE 1WA ANE PR, XN, PN R B A e 1o A e PRI 9t it A
IR A u(cy, ¢) o« BE— 2B 1 I AN TR, 3808 a F1 b, DI R ZE IR A SE

FHIHE, 75 PR I 285390 8 c1a AT Capo WA I 2R @, W 2R R ATE (€, Cr)
RAFIIEH A u, (¢, ) o

6-1



X, u A e a, RUIBATRVEE R e i S AR K Br 1 RO 9% K1 L
Gb, IEHIGTOIRZS o [RIREH, RIS b, RS (cy,C) » IRAFHIRI N
Uy (Cor Cyp) o BIARE IR R AEIIN L2 HAT 2, DRI — M) B AR st 40 AT 2 ik
RAFRIRIRON LU T A A AR A B4 B 1R~ B4R A AN s o Bl v R RO« 7
A, TZE)E%%Ua(Co,Cla)+%ub(co,01b), XA A AN [T E AT 21 B AR RO R S B4
SR EIRAREAT MRS B N R AL, I8 0 BRSO nT A A TR 3% R AR AH
RIS
Uc)=2., P.Y,(CcCy) (6.1
XA 2% Bk % 48 expected utility function. U (c) #& VN-M B80T B3, u(c)
7 ISR B L
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AR SR A 2 T AR B RN s ks, et it R oR T AN RS HIE R 73 A7 4
Wiy B S LR B0 - e AT RAZe k8 30t N ] e B
XAEAGRE T i 1) —LE T EPE T a0, AL P AR LU R R B A £
A NE L 2Pk, g @AM Em . AP, i B2 L mm), & 2
DI e SIS, A A i A2 | IR 25 AF
NE A PN CBHRABD: BRI ¢ B IR T2 IR M T 2 %
fExIFHe=c', A, WERIANEE x #gensh— Mgy, b P A%,
cxc'y WHEAEATIRET, c#itl o2, ARSI,

il
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AN RS FEWAME T ¢ 5 ¢ EATHIN TR o BITH 2 AR AR
X, WiRc-c', WA o FEAHMPGSRM T EIH R WAIE x Hky, A
¢ 5y AR i R AR R AR, IXAE U] ¢ 5 o7 JLABIRES VA B AR TR R i 25k
AR o PN . Wt v, AFPRE R CRFERE S /32800

DA 1K) A VAN

SEEL 6.1 (Debreuw) fEMAZVEABIEY Y, @R 2.1 4y AT B AA (6.1 Y
FRHMIEA.

SHER R R B — A EDWL RS . AN T IR R IR 245 28 2 A — T RBIRAS
NV PR R AT RSO B, A AR SDIR A R A I
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6.2 Additional Assumptions

A State independence

FESTR RN — B2, BRI 2 AR A R8O AT BE AR IR, Rt v, A
IRV DR AEANRPIRAS N AT REAF AN O o IX &S BENE ? 2 A EAH AR I T
PR A FE R AR F B A o FRATT AT MBS AFAE — MRS GIHED 2, BIRL
MERETER:

u,(c,y,c,)=u(c,,c,)
% TR HOTBAAN, JRAT TR SR AR ST (U R R e B
HARAKAL, R s eI M E A
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B Time additive

£ (6.2) NP, 458 i AR U s U A ey, ¢y, ) B AEIXMIET,
1 JU39H 2 A5 20 BB AR T 0 SRV 2, S IRAR e XA SRR AE S — 01T 2 10
T B AR o — A 3 9 K7, Bl &%u(e,, ¢y, ) 1(Bc,0c,,) # 0 o 4 T MR e L, FRAIfBe
A 6%u(c,, ¢, ) /(0c,0c,) =0 T, Fiolhh, B

U(Co,Cy) = Ug(Co) +uy(cy)

X 2 R0 pRBORR A A2 time additive oX time separable. W&, M—ANH 5
AT 2 B RO A5 T &I A3 B RO 2 M. FERF TR R InZsE s, AT LS 3%
(IO ER RO B S ik

U(c) =y (co) + D, P,us(C,,) (6.3
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AT IR, ATRE R U, () B2 U, () LA AN IER AL
Uy (Co) + Uy (C)) = Ug (Cy) + pUy (G) = u(C,) + pu(cy), p >0
XH, ZRE p Nyl time preference coefficient. ‘&N T ZIHE AN [F] I YL A1 [H] /K731 2%
Z IR 2. p A FR A time-discount coefficient. ZE XA E AR sRE R, %
PR IR A T
U(c)=u(c)+p2, p,uc,) (6.4)
A B BEE S 2 1) 3 MR RS IT T BT AR R A R, i
P={p, 0eQ}4E;: WHREINIVE, i RFTILRE p ik LU 28453 224U
ARG H R () k. FERGE L, FATHA u) MO s, A S BRSO e U
DA
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R BRE U B s Bl u 2 T AR DN EE DO U BAT P8, BIAERX U
BEATAE R IE AR AL, BRI 9 R HE PP ORFFANAR s T I R0 u IR AL, 2%
M u AT EER M . At i, EPro— SR, i AN A 215 2124
HIAIRHE T 2. AEWEEAOT R IEUr, — A2 5538 B ids n] th 28] ek 2 u ME—
Hu 38 o
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6.3 MHEEAH R K R

® ]t (habit formation)

> B WA A ek b SRS R I TR AN AT 2 B o —AS HAR) 52 4 B2
F e
u,(c,,c) =u(c,,c,)=u(c,)+ pu(c,—hc,),h >0

X, 1 IIREOH AN BRI R 2 A 5, i B AR TSIV 2 R 6
WK u'0) =00 Hh=1, NIEMWE R RATATARS T HUAETH D s D A S AT . IXR
21538 06 DUAE AT DR e e 2 b AN

® %Lt (catching up with the Jones)

FHBZELE, SR BN AT H SR 9, i BRI N BT 2. ikdk
(NEFS IR SRR A8
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u,(cy,c) =u(c, —kC,)+ pu(c, —kC,),0<k <1

XHL, [Cy; ClEBEANL TR 9, 1M kCy, kC, WIAREE O JIAT 1 3919 N 35030 2
P28 R BRI B T R T MRS TR N E B ez £ BFOY R H A
P S AE MR B RS NG e Y (B S0, L1 AR e et T A VR AR A
) — i R 3

® IRAMKH: (state dependence)

FATIE W LA A VEHAR B PR U, Fe e 45 € W 9K, B AE AR A 5F
BB e . XRS HE A IR 2 BN E B A TS VB RPRASTS, e 4edt
T OB RIS B N B8 X ST W W B AT S o JRATT AT AT IX S fef- PR kit
TR, o 2 MG TR A AR T E, IXRAT N IE2AT A L BF AT 4 il ig Xt 4 .



o —RIKE (EHEMEW) [first order risk aversion (Prospect theory) ]
FRATT— M AR Ve R BRI B 22 [ Rl L PRI, HC R R TR IR 14T At R T 1)
2y — B RS PO 1R (1 2 280 ek BSOS R RON R,

0(©) :{a+(c—6),c26

B _,a>a >0
a (c-C),c<CT

WA, u(c) fEc=T AL,

® AHEMERE (uncertainty aversion)
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6.4 AT BB

How to rank the following 4 investment choices?

A B C D
X p() X P(X) X p() X p()
4 1 5 1 -5 1/4 -10 1/5
0 172 10 1/5
40 1/4 20 2/5
30 1/5

When there is no risk, we choose the investment with the highest rate or return -

Maximum return criterion, e.g. B dominates A, but this criterion fails to compare C with D:
1 1 1 1 1 2 1
E.(X) ==(-5)+=(0)+=(40) =8.75,E, (x) == (-10) + = (10) + = (20) + = (30) =14
c()4()2()4() D()S()S()S()S()

E. <E;
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Maximum expected return criterion (for risky investment) identifies the investment
with the highest expected return.

B RS B ATt v T 2 i A5 P B0 W A0 OO B &% e Py 6095 - X — NI
FAHE, EnT DR &R 58 7 S AT HERR A 25 LB, ) A i — MR DU i WA s e K A
WITEAHETETE N HIHE

18122 1 — AN L ] —— 4 43 81518 (Saint Petersburg Paradox, SPP) , 1XA4™
91 ik 18 120 ) 2 S B A it e KA S AN S AE AN 7 S 3 ) R SR

Sequence Probability Prize
H 1/2 $1
TH 1/4 $2
TTH 1/8 $4
TTTH 1/16 $8
TTTTH 1/32 $16
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ATIXHE W B — U T LA L00, B URAa e — U il LAAS2J0,  HIPY U4 oF
= AFF4IC, .. — T R, SRR LA 2" 8. S TSI
i, BRSNS ZAem? siEu, NATZ A, AR E AT 12

R HACA I EAGE T, B SR TE5T K !

R T |
EVgop =Zz"1(§)' =521=oo
i=1 i

Hel e iigd, JA I, AT S iX—rk, AR R ERfE2-3 2 [H .
DRIk, SUTER At i R U AN E AR R — DD AR AN 2 1 ) 7L

FUETFBRTORTE,  FOBRI S o e KA BB A I #%— 2 etk Bt
Mo R MHES BA S IR, XA BB O 4 A0 58 G 5008 XM IE
77 WA JUMIETR BATAH R SO B as, X IXAN BB R, 88 T4 T IX LBk
IR AL B S P B RS T ZE I . B AT L, IR IRATT ) 2 el g 4%
TRISEA S AR5 AT T 205 R A AN e KA YT R At Jir D ) A B
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VUSSRt AR I 705 . RSUT R AAHIAE A d R A I B b, BB B3 0 Y
AR I R IROH, IR DR T A5 5 1 )

FIIR I & R BOW X BREOY U B B8, 0 log w i w2 R R B8, w
FoRM R o A B VRS, AT DURII AT S50 W & IR {E2-370 2 [ o

oI B 8u = Inw -

Ugpp Z(—) In2™* =In2=0.693=INw=>x=2

i=1

i F A B u = w2
Eu(w) = Zx/F(l/Z) 1+£_u(w) JWow, [1+£J ~2.91~3

P AFEE KA S VR IRAT, S RIS R A WU AE AN E W T T IR IR R] e E0AN v]
B2 AR o 1M DUSS g5 i A0 S A B B 2 B 5 ml BN AT AN e 1
T N IRIB B I 1) LS 1 doe 2 RO 5 26
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T T4 2] [ A0S M 28 FAE SR IR B0 P 280 AR . e 44 I 1l S Bl S i 18
(Allais Paradox). #JEE 6.1 P2 dr 22k, 22 p, 7EAf € F15 &0 T 34 100

JI TG . Hh3% p, 7E 0.1 M= T 34+ 500 J5 G, 0.89 M4 N34 100 Ji7t, 0.01
LR T ASSAHEAT 5. il p, M1 p, RABARRE .

/)/Awﬁ%ﬁ o1 SOTTETE
P, P3<<::;;3\

e
o S SRTIETE 0=
j 0.11_~100 /%7
p, L 089 m<§£§
) e ,
0.01 10/1=TL -
05T -

K 6.1 Bty ie
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KB NAES K2, 1588 py AN p, s £E5R X, & py i Ase p,

Bl p = p,, Py = P, » XFIATASIE Y TP AR,
p, ~ 0.11(100) + 0.89(100)

1 10
~0.11| —(0)+—(500) |+ 0.89(100
P, Ll( )+, )} (100)
1 10
p, = p, = 0.11(100) + 0.89(100) > 0.11{E(0)+ﬁ(500)}+0.89(100)
1 10
=100 >~ —(0)+— (500
11( ) ll( )

1 10
~0.11] —(0) +—(500) | +0.89(0
p,~0.11] £.0)+12 600 |+ 08900
p, ~0.11(100) +0.89(0)

P, > p, = 0.11[1—11(0)+%(500)}+0.89(0) >0.11(100) + 0.89(0)
1 10
= —(0)+—(500) - 100
11( ) 11( )
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A BB RN LRI AL, A rl Bead S~ A g o

MG O] TR, RBLE SRR E T o XN R ()

RESCE LT FIFERISE) L I P

S RME DU AR R E T o IR A PR B E R (R Ahis A O |
SR %K ?
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FAT A BRERAFERNERIGEEE L, A r] GEE 21~ PIAG O:

P OURARE] 7RI, ABLC SRR R T o XA AR AT (]
BOLRE KB LFFRFEIZ) . 2RI 2

R DURARHE S SRR AR R T o IXINARE RS IR A T (BB A D |
[ 5K ?

Kahneman-Tversky AL, KZHNAER PG00 R IEFEMIS; AR —FiE00
CIRFE

X IX AN 45 R BATT AT ABa R 2000 BB s D, LR AR FH B R e Bk %)
i, OSBRI, B5RS RIS R,
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Chapter 7 Risk Aversion
7.1 Diminishing Marginal Utility
SESN 7.1 XFEREuC), wRvx,y fMael01],
au(x)+(L-a)u(y) <u(ax+(1-a)y) (< Eu(x)<uE(x))

WA IR uC) T -

FATISL B Ay LA 320 1 A s P
EH 7.1 QR RESH ATt (6.4) I TR RO s BER TR, I8 A A N AR e ()
e MY .

(LR
SEH 7.2 RN R Hu() e 2 TR, I Aut<0.

UEW .
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() R HIFETH 2 AR, e B 3 Eu () R & I B O . AN
AANEESR () >0, BILBRETIRE N . il i PEERA ut() <0, Mate vl brik
F &7 B B ek R 28 o T B 80T 3 YRR 2400 B K TRy, — B AN 9 43 21 2%
REpE P
7.2 Definition of Risk Aversion
X 7.2 Let § beanuncertainty payoff. § isa fair gamble if E[§]=0.

EX 7.3 Anagent is (strictly) risk averse if
E[u(w+ §)] < (<)Eu(w) (=u(w)), VE[§]=0

DS DR 2% 2 3 AETBEAEAH ] CED E(w+ §) = E(w) ) BIANE & PS4 A

YESCATZ 0], — A ROENZ 5 Bk .

SEH 7.3 An agent is (strictly) risk averse <> u is (strictly) concave.

Proof;
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(1) RA = uconcave

vw, w,(w, >w,) and pe(0,1) , construct the Bernoulli gamble §={g,,9,} with
probability {p,1-p} st.

g, = —(1-pP)(W, —w,), g, = p(W, —w,)
Clearly, E[§]=0.Define w= pw, +(1- p)w,. Then
W, =W+0,,W, =W+,

RA implies that

E[u(w+§)]= pu(w+g,)+(@1-pu(w+g,) <u(w)
Then

pu(w) +(@- p)u(w,) <u(pw, + 1 - p)w,), vw;, W,
Thus, u is concave.
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(2) uconcave = RA
R BUEB 2] T Jensen’s inequality: X T-RENLAZ S 2, Ef(Z) < f(FZ), MHAY
F(o) A% [ R £, HRHE 2 X 7.1, u concave implies that
E[u(w+ @)l <u[E(w+§)]=u[E(w)+E(§)]=u[E(W)]=u(w),VE[§]=0

H15E X 7.1, the agent is risk

w(Wyth,)
averse.

S 7.3 WEWIT M -

0

0 BLE IR v pH(1 B
m, I (MR Bk

H R PR (W) |

E[u(X)]= u(E[X]) +%u "(E[X])Var[X]

0 Woth, W, Wyth,



7.3 Measure of Risk Aversion
A Arrow-Pratt Measure — Absolute Risk Aversion
€ X 7.4 For a fair gamble §, the risk premium required to take the gamble, =, is defined
by (i Jensen’s inequality, E[u(w+§)]<u[E(w+§)])
E[u(w+ §)]=u[E(w+§)—7]=u(w-7)=u(CE) (7.1)

et MBS EAT S 25 R T I B KRS T R 8T 0 R

X (7.0 B w—7, HHRA R E 1) certainty equivalence  (CED. #ffi & 1
SH{H CE & — e MR, LRI IKSE BB Y. A 30 A 45 T AN e 451

NIRRT,

CE=EW+(§)-7=w-7
r=E(w+(§)-CE=w-CE

In general, 7=7z(w,§) .
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strict risk aversion < 7z >0, risk neutrality < 7z =0, risk preference < 7 <0
SEX 7.5 HBEHIALE § HHUE VLR N, FR g b U AN I

— N BE AR B A B VE BB SOA B R S KB A R IME 2 220 T/ XS, Gl 28 )
JEIr (7.0 i, Ay AL

Elu(w+ 0)] = E| u(w) +u'w)g + 3u°(n)(@") +0(g")|
- Eu(w)+u (W)ELG] +u"(W)E[G]+ OELg']
~u(w) + Zu'(WELS’]

XA u(w—7) =u(w)—u'(W)z +O0(z?) = u(w) —u'(w)z

Thus, we have

1 _u"(w) ) :E _u"(W) -
7Z'—2|: u'(w)}E[g] 2{ u'(W)}var[g] (7.2)
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E[G°]= var[g]+ (E[G])* = var[g]
X (7.2) gy ARSI — MR BRSNS T, 5 202 MRy
(RIRE . AR M 55 XUR (R K/ L, T LA R BB R T 25 5 [ XS DR AR
bR LB 2R var[§], B T AN TR 2= 1770, Arrow-Pratt measure of risk

aversion & H:
A(w) = _uvw >0
u'(w)
RIA A(W) A2 -5 555 FRASE 2 06 JRUSGE 114 RS v A AHBERE R 11, BRI A 8 g i 3 JRUSG: R o
24t 5% IS RO A T30 e, e A T 0 & 7KCF w85 48 06 XS R Fr) 5]
FUFRAF risk tolerance coefficient:
1 _ u'(w

= (7.3)
Aw)  ut(w)

T(W) =
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B Relative Risk Aversion
Arrow-Pratt XS DR B B2 025 5 40t R /N IR XU T o SR o & A28 R XS

TS 5FH W E WA RN o AW AT LA REanF DLV & A S L5000 T R0 XU v
b

Elu(w+wg)] =u(w—-wr)

Efu(w+ §))]=u(w(l- 7))
XH, MR hwg , 5 R E B . A RS A B . XN KRR
FImEts, FRATE

Ty :%[ Wu((v)v)}var[g] (7.4)

AEHUT LIRS 55 35 A XS DRO%, e /E R(w), & Xl
wu "(w)

u'(w)
7-8
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DRI, 2SR 2 B 3 T i P XU A S A R I wg e LA 1), A . 1) RS i A R 3G
W& 300, A2 5 A A X IXURS: DR DR ARG AT I & 10 R 7N B e A48 1T o

%1: u=In(w), w=$20000, G(10, -10: 50%, 50%): 50% will win 10, 50% will lose 10.
PR«

Arrow—Pratt Measure

1

1) _u'w)

r==|—
2[ u'(w)

}Vaf[G]

var[§]=0.5x (20010 — 20000)* +0.5x (19990 — 20000)* =100
u'(w) =1/w,u"(w) = -1/w’
u"(w)/u'(w)=-1/w=-1/20000

7 =—(1/2)x100x (=1/ 20000) = 0.0025
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Markowitz Approach

E(u(w)) = Z p,u(w;) =0.5xu(20010) + 0.5xu(19990)
=0.5x1n20010+0.5In19990 = 9.903487 = u(CE)

In(CE) =9.903487 = CE =19999.9975

I XS s 4 7 = 0.0025

Markowitz Approach

_—

E(U(W))
=9.903487

19,990 ? 20,000 20,010

CE
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7.4 Examples

1. Risk-neutral

2. Negative exponential (CARA, Constant absolute risk aversion)

3. Quadratic

4. Power (CRRA, Constant relative risk aversion)

5. Log

6. HARA (Hyperbolic absolute risk aversion)

2 8 HEA I, A7 FLAE R RS DO B U R 19 Cocb ) g Gy, Bl
A'(w) > (<)0, TUIFRATIFRZ A4 xd R PR EE S (#9R) (increasing absolute risk aversion,
IARA; decreasing absolute risk aversion, DARA o Qi1 5 HAH X XU PR it 10 & 488 i Gz
g GEb), RIR'(w) > (<)0, WIFRATFRZ g AExE KB RE@ 18 () Cincreasing

relative risk aversion, IRRA; decreasing relative risk aversion, DRRA).
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7.5 Comparing Risk Aversion

Let u,u, beincreasing and smooth, A (W), A, (W) & ETAHN I (4ax) KU PROEFR
.
EH 7.4 (Pratt) The following statements are equivalent:

1. A(w) = A, (w),vw

2.u,(u*(2)) concave

3.3f()withf'()>0andf "() <0 s.t. u(w) = f[u,(w)]

1 IR R L 2 PR R BT, BT 1 (A R B0 2 ] R 80— M1 AR ik

4.7, >, for all wand gambles
Eidflrrh, 25% 1R, EHWS5E 2 A R ICE
7.6 —Fr R RE
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Taylor’s Theorem

(%)= f(E[X]+X-E[X]) = inl f @ (E[R](X - E[R])"

_ £ (E[]) + z% £ O (E[X])(% - E[X])"

Expected utility
ELF (9] = f(ELRD + 3 £ O (ERDENR - E[R)'] = f (EIXD+ X £ E[R' (%)

where
m"(X) = E[(X- E[X])"]

In particular
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m*(%) = E[(X-E[%])'] =0

m*(X) = E[(X— E[X])*] = Var[X]
m*(X) = E[(X— E[%])*] = Skew[X]
m*(%) = E[(% - E[X])*] = Kurt[X]

Indeed, we can rewrite equation as

E[f (%] = f (E[X]) +% f "(E[>~<])Var[>”(]+% f "(E[%])Skew[X]

1 " " - > l n & n/o
o f (E[x])Kurt[x]+nZ:;m f ™ (E[Xm" (%)
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Chapter 8 Portfolio Choice (1)

We now consider the agents’ consumption/portfolio choice problem. Let X denote
payoff matrix of traded securities with rank N and S denote the corresponding price vector.

Each agent’s optimization problem is stated as

Q
mglx U(C,,C) =U,(C, )+Z P, (C,,)

w=1

st. ¢ =¢-S0 (8.1)
C =6+X40
C,),C 20

Here we have omitted the index for the agent. The solution to Cog C1 gives his consumption

choice and the solution to @ gives his portfolio choice.
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8.1 MR HIAFAENE R HASME
(2,60 I (8.1 #HEL, 30 (2.60 2B, FRATEW] (2.60 A RIfEH
FEAENE
EH 8.1 Y AMUKMIES T, 0ME{X, S}, AFEEFNLEE (2.6) A,
LR E AN s CHZM W AR A0, JATATRME (8.1) X
P
max U(©)=u,(6 ~S'0)-3" p,u(8, + X,,0)

w=1

Q
=U (QJ - Z Sngn )"‘Z Poth (ela) + Z Xﬂ””en)

DAL TR) LBy 25 A
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ouU
89 = _SnuO '(CO) + z pwul '(Clw)xa),n = 0
n w=Q

. (8.2)
= U '()S, =D P (G )%= ElW'(€)X,] ,n=1-N
— weQ .
Lossinutilstoday Expected and discounted gaininutils

Horb, X, =X, =X 055 X o AR TESE NS4 i

A (8.2) WA Buler /5. HREARBE T 1 BALIESR n AFARRM RGN X,
TR GRS UMM . HEEDR BT 7 EAT A& S, s 1 57 385
BURKILRR R o LB, —FH WA, Wity SEFESRHENREE 17T
A E R R R KT 3 Z MR ZERM . Buler JyFEI 5340 —Fi&id 5=k

E{m}zl,nzl,m,N (8.3)
U, '(¢))S,

XFRE N GAETF R UL, BEFER A R AR 1L bR 45 T 1o
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B AT IEA S BEPRUESACE o AH AR T 1 R AR R I R, AT PR E R

I
ou , ,
BY: = (_Sn)uo (eo _anen)-l_ z P (Qa) +wa,n0n)xa),n
geuz =(=S)’U,"(6 = D_S6.)+ D P "€, + D X nb)Xe (8.4)
= SU,"(c,)+ E[u,"(€)X?1<0,n=1,---,N
XTI Uy, U, IS RO L o X T M I A SOH B E, —M eRt E Be
I 7853 554
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8.2 Portfolio Choice

TGRS I, FRATIE R AR ALV B AR 0t A S PR K — AN R . AL 6
{1502

w=e -c, =S50 (8.5)

B, WSS HWHE TSI 10 0 WIfEE . e B w2 S MY &
AT AT CASC I o/ 20 5 s 6 i) RT3 A R IS4y B, FRATISRARG et & K1 (#
PR W) T AL A 1) . R P 4 58 il B K R IR A P LU T AR 21
IR . 5, FRATTSRAR IR AT D/ 36 100 R, AT 4T 2 49 281 10 0 H A B AR ki 2
SRR, AR 982 ISR optimal portfolio JIT45 2 (¥«

Ly E PR, A G EPER B (50 B
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V(W)= max E[u,(& + X6)] (8.6)
(6,S"6=w)
L, X

[Xp,oe, Xpeor, X 12 N HAZ GRS BENL AT (A7) e, BISOAFAERE (Tl

M

Wit . v (W) 2 & w ) indirect utility function, BRI w AT B0 B I 3R1S 1
PAEERAH - (8.1) g i 5 31 B/ 41 & 1k 36 ) UL AE n] LEE 9 5 il R i e 2

max{uo(eo ~W)+ max E[u,(&+ Xe)]}
w (8,S 6=w)

(8.7)
=max U, (& —W)+V,(W)

20 ST S TR RO B v, (W) 5 SRAR SR DT 2/ & In) U AR 1 g 9 170 DRI, AR
A WA S A Gk FE L (8.6) o

AT A G IR, ARE R IRE S, BAMEE g =0, REWHESHHNE
M LA 2 T 2 LSO A ZrE SR R AT it AR AR B R R RO
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B8, My sHumas A M E, eWmER T T3 58 M RS s

PUTTHE S . fEXPEOL R, A IERR S (8.6) Witk K
V(W) = max E[u(X6)] (8.8)
XL, ChREA L, AT T R RS 1.

AL T AR IESR I, S G i B 1) e o] DAE— D itk . 235 N HIESR b X
BriEge, MIEA re. AR, FAMEES, >0,n=1,---,N. ila, =6,S HiEF n L
MIEH A (), FAlTE LAFSE n (1 gross rate of return 24

X

X, =—" (8.9)
S

DL LA N [f) net rate of return A
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(8.10)

N - X . _
w=Y 6,X, =Zn9n5n§”=2na1xn =Y a,(l+f)
(8.11D)

N-1 N-1 N-1
=a (l+r)+ ) a,(1+F) = (W= a)1+r)+ > a,(1+F,)
n=1 n=1 n=1
N-1
:W(1+rF)+Zan(rn_rF)
N-—I
Hep, w=s'6=>)" S =Y a=>a+a-
n=1

RS GE 27 5 KR E 2R i (A ) 26 F -1, KRB excess return. H
F=[f; - f ] R ST I R R 0 5, a=[a;--;ay | RN XL XS IES: B

DA IXHRE, LA AR A U AL K,
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max E[U(R)] = E[U(W(I +1,)+ 38, (F, —1, )]

(8.12)
= Eluw(l+r.)+a’ (F —r.0)]
X, (Z2ITESN 1IN,
Al (8.12) = —Fra&fth
ﬂ:E[u'(W)(r”n—rF)]zo,nzl,-~-,N—1 (8.13)
da,

X4 T RIRSR A a i N—1 M5
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8.3 BALA AR

ROk (8.12) AMI——Wi 22 5 FH KR Ak F——HA T A 3R
(D LRI (F), (20 ZHFMRRPOEREE (W HE XA Z] 5
PSS, FRATT I 2% R i) — ek ot
A One Risky Asset and One Riskless Asset

Let a is agent’ investment in the risky asset, M —IUX K% =, BRFN a, Kk
W=w(l+r)+af—r.), ARALAIER S A ik

max E[u(W)[= E[u(w(1+1p))+a(f —rp)]
—Bir At
E[u'(W)(F—r:)]=0
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E P 8.2 If the agent is strictly risk averse, , then

a=0«< E[f]=r.
a>0«< E[f]>r.
a<0e E[f]<r:

UE: A RIFEIEH a>0o E[f]>r,
R TR, Kb Ww=wl+r)+af—r.) . WHE[f]>r i, HMAHEa*<0.

. (1 ()

a” = ) or

HE[uWI+r ) (F-r.)]<0 Ca=0M, —FH<0)
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B, u'(W(l+r))E(F-r1)<0. A U'>0= E[f]-r. <0= E[f]<r., X5 E[f]>r,
FE, NILEF]>r. @a*>0.
T FBNTEER: idU(a) = E[u(W)] = E[uW(1+r)+a(f —r.)] > s ™ b 1] 1 ik
u'>0,u"<o0, JH:%{E[U(W)]}>O, Hp
E[u'(W)(F —re)] = E[u'(W(l+1) +a(f — ) (F —1)] > 0
Performing the Taylor expansion of u'(W(1+r.)+a(f—r.)) at wW(l+r.), we obtain

E[u'(W(+r.)+a(f —ro))(F—rp)]
= u'(W(1+ ) E[F =1 T+ u"(W(l + 12 )aE[(F —r.)* ]+ O(E[(F - r-)*]) > 0

Assuming low lever of risk of F so that O(E[(f—r.)’]) can be neglected. The

minimum risk premium required to induce a of wealth invested on the risky asset is
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u"(w(l+rg))

E[f-r.]>-a
ui(w(l+1, )

E[(F 1) ]

H LA 50 E[F —r. ] Safi 5 4
W E[F]—re LU, ARSI

a¥ ~ E[f] —Ie
var(f) AW +r1;))

JRUIS: B8 7 PR 30 B WA it 3 B I XU AL i 4 22 W) R 25 4B B[P T — 1 » MU risk premiume. 5E
8.2 M g, RAINEFTHXEE N N IER, S5EERKT™ ERREHL
AIE; KSHH A 0 RHERAY 0 REREM 8 U BR AN (MIRZUES) » K

T A DR RO PR 2 5 3 8008 A7 DR W38 77 I o s £ DX 5 At -2 ] FROASUARS
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258 WA GRS T AT L, R AT T XS PO R o BRATTBAE K
JERXFATOC R « 2 AW) A S 538 AR ARG DEE, w g i) s B9 A i E[F] >
WHa>0. 4

a(w) = Argmax E[lu(w(l+r.)+a(f —r:))] (Hla*)
SEF 8.3 We have

® CARA A (W) =0 a'(w)=0

® DARA A'(W)<0 < a'(w)>0

® IARA A(W)>0< a'(w)<0
Proof: Consider the case of DARA. A'(w)<0.F.O.C. yields

E[u(W)(F—r)]=0, W=w(l+r)+a(—r.)
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Differentiate w.r.t. w
E ||"(\N)(r_r )((|+r )+(r_r )_j =0
dw

or

da_ (I+r)E[U"(W)(F -rp)]
dw E[u" () —r.)’ |

Then,
Sign {ﬁ} =Sign{ E[u"(W)(F —r )]}
dw ]

The denominator is negative since U"< 0. For the numerator, given that a>0,

W>WI+r) e r>r
W<wl+r) e r<r
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Rewrite the numerator
E[u"(W)(F —1:)] = E[AW)(-U'(W)(F —1¢)]

For F>r.,w>w(l+r.) (i MR a>0), AW<AWI+r.)) and Wik [A] I
—U'(W)(F —r1.),(<0), 58] (FEAW=-u"u', H DARA)

AU (W))(F =Tz ) > AW+ 1)) (U (W))(F - 1)
For F<ro,W<w(l+r.) CHjH M % a>0), AW >AWI+r.)) and Pl [F] 3fe
—U'(W)(F—r),(>0), 132 GFFE AW =-u"u', H DARA)

A)(=U'(W))(F =Tz ) > AW+ 1)) (U (W))(F =)
Hence, for all realizations of f,

A)(=U'(W))(F =Tz ) > AW+ 1)) (U (W))(F =T )
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Thus,

ELACW)(-U (W))(F ~ 1 )] > E[ AW+ ) (U (W)(F ~1,)]
=~ AW(1+ ) E[UI(R)(F —1,)] =0

We conclude that da/dw>0.

SRR DR L0 R BSOS ek 5, A, MR AR O w B i,
AMARTE RS B8 7 E IR i b 3.

1 N\ s& DARA (Decreasing absolute risk aversion)=> 5 4%, R E LS 2=, #&
iy EZ A a7 g

SE T 8.3 IR (1) AU, B 7 PP 08 SV ARG T (S T~ P e et AT DL AR R K
JEXA W, it U8 W& a2 —ik, X5 Ergest i n e

Iy JLWE?
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Define the wealth elasticity of a: e(w) = wda

a dw
EF 84 We have
® CRRA RwW=0se=1
® DRRA R(W) <0 e>1
® |IRRA R(w)>0se<l

Proof: Since

W) E[U"(W)(F—Te)]
aw  E[u"(W)(F-r.)’]

e(w) =

Then

_1= LEUWWr—ro)] 1 E[ROW(UW)(—re )]

a Eu"(W(f-r:)’1  a  Eu"(W)(F-r.)’]
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and
Sign{e—1} =Sign{ E[u"(W)W(F —r, )]}
From this point on, repeat the steps in the previous proof.
2 R(w) AN B IR RE, B R'(0) <O, e>1: BEEWIMGEKANRIRM, AMALE
DA B 7 E BN K LA BE KR BG4 3G T

1 N2 IRRA(Increasing relative risk aversion)=> 54k, UG %= 5 R %22 Lk

\\

T
o
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B Many Risky Assets and One Riskless Asset
Let a=Argmax E[u(W)] and W=w(l+r.)+a" (F—r.z)
SEHE 85 M HAYER]=r.,Yn=1--- N-1IfH4lEa=0.
EE 85 If In st E[f]-r. >0,then a, >0.
Proof: JRiF¥E W E[f,]-r. >0, a <0 (REEHHE, i)
Forall a,=0, = (8.13) 4 E[u'W(l+r.)(f,-r.)]<0,vn, B
u'(W(l+r)E[F, —r-]<0
Since U'>0= E[f,-r.]<0 = if Va, <0=E[f, -r.]<0,Vn
JRZs BRATAE AT KB KT 0, W@ AR e — AN KU B8~ [ # B il a, > 0.
LG R IE S I KSR A ANl 0 I, IS DRI 2R T, AT E B 8.6:

8-20



SEHE 8.6 I AL ZH A M HH B AR 3 K T o AU I 25 %
Proof: H IR We know E[U(W)] = Eu(W(1+r.)) = u(W(l+T1.))
By Jensen’s inequality U(E[W]) > E[u(W)], we have
U(E[W]) 2 u(w(l+17))
Thus,
E[W]=E[w(l+r)+a (F-r.) [2wd+r.)  (Hu'>0)

and

E[a'(F-r0) |= Elan(E[Fn]— r)=0

n=

Thus, if E[f ]>r:,Vn, then Ja,>0. However, some @, may be negative. Also, if

a,=0,vn, then 3InE[f ]=r..



Chapter 9 Portfolio Choice (2)

9.1 Stochastic Dominance

NS HHIEREARLLA N, AhsEhr st i T REd . s A, 2
SFIXLEZH G W R R AT HET . B BT A AT AN LR 3R AR A DA SRR
MHGHATHEEN, S5 B ORUETX AN SEEE, TR AUS Tl R 47 71X
—, TR LS A A ) SRR R (MR T, IR LEPE BT AV S A T LA SR BE S
HEHATHERS, AT EAF 4075 e A F C R IR T -

A First Order Stochastic Dominance (FSD)

Knowing the utility function, we have the full information on preference. Using the
maximum expected utility criterion, we obtain a complete ordering of all the investments
under consideration.

What happens if we have only partial information on preferences (say, prefer more to

less and/or risk aversion)?
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For example, in the First Order Stochastic Dominance Rule, we only consider the class
of utility functions, call u, such that u'>0. This is a very general assumption and it does not
assume any specific utility function.

Let f,,f; be the net return on asset A and B respectively, X, =1+TF,,X; =1+1; be the
gross return.

EX 9.1 Adominates B in the sense of FSD if vu'()>0 s.t. E[u(X,)]=E[u(%;)]-

Here, the investor compares the two alternatives: investing all his wealth in A or B. If A
dominates in the sense of FSD, we denote A .., B. It is easy to see that A>.., B implies
that E[f,]>E[f,] CXHA A u()=x3E) , K2R,

Two Investment Alternatives: OQutcomes and Associated Probabilities

Investment A Investment B
Qutcome Probability Qutcome Probability
12 1/3 11 1/3
10 1/3 9 1/3
8 1/3 7 1/3
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Can we argue that investment A is better than investment B? It is still possible that the

return from investing in B is 11% but the return is only 8% from investing in A.

By looking at the cumulative probability distribution, we observe that for all returns and

the odds of obtaining that return or less, B consistently has a higher or same value.
A Cumulative Probability Distribution

Odds of Obtaining a
Return Equal to or
Liess Than That
shown in Column 1

Return A B
7 0 1/3
8 1/3 1/3
9 1/3 2/3
10 2/3 2/3
11 2/3 1
12 1 1
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Cumulative probability

— |nyestment A
=== |nvestment B
1.0— p=—
t
By A
]
2 d
Kl r==
I
"
\
1 _ H
3 [
|
]
I
0 | I
7

8 8 10 11 12
Qutcome

Cumulative frequency function for gambles A and B.
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Let F,(x),F,(x) be the cumulative distribution functions of X,,%,. W ai AL

FEAGAFIE,  FRATTAT LAFE B — i BEATL v D0 i DDk P A~ A S AT HE g 2
£ B 9.1 The following statements are g

equivalent:
1
® Ay B
Fy(z)
® F (X)<F(x), vx
Fy2)

® 7 ~,fb+awherea>0

Here, ~, means same in distribution. 0 1

WA A BA MR A, RO AAH R 20 A
Theorem Fa dominates Fg by FSD if and only if
j u(x)dF,(x) = j u(x)drF, (x) CEI Eu(x,) > Eu(x;))

for all strictly increasing expected utility function u(x).
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Bl HEPA KK Y A R B, M5 f~ N(iy, 00,1 ~ N(ig,02) » i AL
fy > 1,02 =08 s WA BN AL R

BARAF(2)<F(z) Vze[ab], FILL, Axg, Bo WFKE.

S (Z)T 1, (z)l 7, (z)| A

N, N\
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ARG R A PR AL

0 X<25 0 X<2
F(x)=40.4 25<x<35, G(x)=705 2<x<3
1 3.5<x 1 3<X

BT FX)<GX), XX, I FSD, F(X) = G(X) GXHL F(x),G(x) Jy ZFHE
oA

U S SR BUE SR 21 OO RG22 B 9.1 AR, —BBENL S I e vr 3k
AT EATRATHE R o dn RX— S A A S R AT LB T IX R AR, IS4 ] — B BEAL
AR S W ERE I RS+ B 5 T o AHIR I — B UE AR AR R, 24
FRATTHIX LA Z5 AR UE S T A S I, X R Ib e RS 2 — ok, B E
1. (HBEATG FIARRER
EHE 921f A-, B,thenfor u'()>0and u"()<0

max E[u(W(L+1, ) +a(f, ~ 1.))] > max E[u(w(L+1,) +a(%, ~ )]
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Proof: Let a; =Argmax E[u(w(l+r.)+a(f; —r:-))]
Then, since A>-, B,
E[u(w@+r.)+a,(F, —r=))] = max E[u(w(@+r.) +a(f; —r-))]

But,

max E[U(W(L+ )+ a(F, ~ 7 )] > ElUW(L+ ) + 2 (7 ~ 12 )]

Thus, the inequality is proven.
SERE 9.2 YRR A —BENL LT B, Ak ilh 2 — S ERKES
PG, P A ZLLUESE B I .
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B Second Order Stochastic Dominance (SSD)

Two Investment Alternatives: Qutcomes and Associated Probabilities

Investment A Investment B
Outcome Probability Qutcome Probability
6 1/4 5 1/4
8 174 9 1/4
10 1/4 10 1/4
12 1/4 12 1/4

If both investments turn out the worst, the investor obtains 6% from A and only 5% from
B. If the second worst return occurs, the investor obtains 8% from A rather than 9% from B. If
he is risk averse, then he should be willing to lose 1% in return at a higher level of return in
order to obtain an extra 1% at a lower return level. If risk aversion is assumed, then A is

preferred to B.
— B BENL S DC Bt GWEED Weaa R A, BUAE, BT 1 2% L8 XU .
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5E X 9.2 A dominates B in the sense of SSD, denoted as A=, B, if Vu"()<0,
E[u(X,)]= E[u(X;)]. Note that:

® No conditionson u'() >0

® For ux)=x A, B= E[X,]= E[X;] 7 while u(x) =-x

A>, B= E[X,]<E[X;]. A>, B= E[X,]=E[X;]
WU, B BENL AR TR I EAR SRR R RN, AR AN R L,
T HrBENL AP EE R TP RS A R U

® For u(x)=-x*, Axy, B=var[g,]<var[%X.].

€ 9.3 The following statements are equivalent

® A

~-SSD

B

® E[%,]=E[%,] and [ [F,(x)-F,()]dx=S(y)<0 vy
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® %, ~,X,+€ and E[6|X,]<0

LSy 2 I T RS, AR A B BE ML L R R AR U 3 R G XU BB /)N, But the
reverse is not true. MUK TE = A R BENL ST B I, A IR G R R SET B I
HIREE R, AT ZENVNT B T %,

The Sum of the Cumulative Probability Distribution

cumulatve Sum o1 cumuiative
Probability Probability
Return A B A B

4 0 0 0 0
5 0 1/4 0 1/4
6 1/4 1/4 1/4 1/2
7 1/4 1/4 1/2 3/4
8 1/2 1/4 1 1
9 1/2 1/2 11/2 11/2
10 3/4 3/4 21/4 21/4
11 3/4 3/4 3 3
12 1 1 4 4

According to SSD, A is preferred over B since the sum of cumulative probability for A is

always less than or equal to that for B.
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Theorem If Fa dominates Fg by SSD, then
JuC)dF, () = u(xdr, (%)

for all increasing and concave expected utility function u(x).
— AN EARB T BUR A2 A1 e A

0 x<1 0 x<0
F(X)=3(x-1) 1<x<2,G6(X)=4x/3 0<x<3tRH#E SSD, F(X) =p G(X) -
1 2<X 1 3<X
Prob F(x)

[T N6

[a—
o]
Led
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C Stochastic Dominance vs. Dominance

& X 4.6 Asset A dominates asset B, if a always out performs, x,(w) > x,(®),VoeQ H7E
FELORA T AGEA A& AL

f51] 9.1

Dominance is a statement about the relative performance state-by-state. The probabilities

do not matter! A >, B, however, does not mean that A always out performs B. It mean that

the probability of A’s return to exceed any given level is greater than that of B’s.

11 9.2

Stochastic dominance is a statement about probabilities. The relative performance in
individual states does not necessarily matter. Therefore, dominance implies stochastic
dominance but not the reverse. Also, different expectations about the probabilities of different
states of nature can lead to disagreement in stochastic dominance, but not in absolute

dominance.
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W EAAAERO S UOESR ERE A BRI, BEHLBLE DA S EE RN
9.2 Portfolio Separation Theorems

BEAL 07 R BN 25 B SR AT R o (H B0 WS 287017 PR B T A 56 A% o
T H AR A AT AN AL XL G A o BIME RE LR TR 2 (]9 A IR S8 45, (HAERYIEA] &
I, XLV FOFANERSF AL, DIAE 73 BT Bt 4 G I £ BEAL IR AR 2 B i I
A7 E 5 B R PR AR . R A 461

We now explore possible restrictions on (1) agents’ utility functions or (2) return
distributions or (3) both that can lead to general characterizations of optimal portfolio.

Reoldh, FASHEESAES 5 H MG PRI L B 4. HR2: H5E,
AP UE TR BB oM o XS Sk (BRI R 2 A T D T RE 518 S Y H A&
WP 9, YU IEFME R Z 5E A TR, BRk M HE#HRA
SRS, RO T H P L EARRAE . PRIk, FRATT TSI LS [R) R AR 2 A A% A
A
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T X3 W R A IR RS, BT RE AR TR AR A E LA 5. Let

.
Zn Snen |

amount of wealth to be invested. Then z, is the percentage of wealth invested in n and

z,=a,/w= =1---,N where a, isthe $amount invested in asset n and w is the

z=[z;--+;z,] is the portfolio vector. Note that z'z=1. Define Z to be the gross rate of

return on portfolio z:
1=7'%=), 7,X,
where X is the vector of gross rate of returns. Then, W= wzZ. The portfolio problem is

max E[u(w)]= E[u(wz)]

For simplicity in notation, we state the portfolio problem in terms of returns as follows:

max E[v(2)]
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AR, s Tl R BT B v () s ARG RE S SR BRI s u () 1
A, UM AT we B, WA u() HFREYE AP ARKZ 5%, i)
HIvE) FTRIA—FE. BAR, XNT u (AN S PERIMIE, vt 5AT AN 2 PEAHI I
A KFRIZEETE

X 9.4 If the set of optimal portfolios z of different agents lies in F-1 dimensional affine

subspace of [1", then we say that F-fund separation holds for the economy.
I Ze b (F-1) gt WA THAaS5%, Bl ez, Hiz 2%
55 K WERALE (k=1 K Do 2 2y,0,2, N Ze FI F AEIEBOLA GBS T

A F—HE 0 B EWE

F F
2, =Y Az, A4 =1 (9.1)
i=1 i=1



KA, NS HFNERAGHE F IEGERENAE. IEwESYS
BT EX F LIRS NHAS, MATEE EEANAE0 . X F RS il
separating fund =% mutual fund, TXFEJELI % mutual-fund separation. %WAR, &
BEEMEEGAREME—1. S Mo BEENES, XG44 T LUEN 2
B

MAFAETCRSIE SR I, Bl S 2 B 3 — o DRA TG JRURSHIE 23 A Bt R 6% 1T AH G
#, BAEN S IEEZ — I SLE Y monetary separation.

EX 95 WA HEHFA F RG4S, o (D “ftm” e T REFS,
(2) 34b F—1 RS I MBS UE S, WIFRATTRR F—BE 8 B3 1T 73 B T .

WAR, N—IEE0r B R AL, FRATEIRIT 2 F<N 5B . i RAFAEAR D E H 1
IR, B A SRR U 2 WA M A . IR AT 2 A B L
FAPIN A2 R
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B Return Distributions and Two-Fund monetary Separation

We consider distributional assumptions that yield two-fund monetary separation. We

assume again that agents all have non-satiable and concave utility functions.
SEH 9.4 R ATAE BFIZE N x. [JE XK IESS » Two-fund monetary separation holds for any

non-satiable and concave utility function if and only if the return distributions satisfy the

following:

ag,.w,,y,6, forn=1.--- N-1 s.t.
1.X, =X +5,Y+¢€,
2.E[&,|y]=0

N-1 N-1
3.> W€, =0, where > w, =1
n=1 n=1

1M H, RS UESR 2 B —
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Before we provide a proof, note that the distribution assumptions give the following

characteristics:

® One common factor, § which may affect all returns (1 & 2)

® The residual risks & are noises (1 & 2)

@ The residual risks can be completely eliminated (3)

UERA:
C Preferences and Portfolio Separation

We only consider restrictions on utility functions. We will assume for simplicity that the
utility functions are non-satiable and concave. FATTH A2 S B BEAEAE TC RS AE S -
EFE 9.5 One-fund separation holds (under any asset set) if and only if all agents have the
same utility function over returns up to a linear transformation.
FALG I B MR A 18, SR TAR RIS AR A LU — AW i 2 0 A
a2 5EFAMENA G RAN90HZ 55 KL S5 A RN — o4 BE AT
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EP 9.6 Two-fund separation holds (under any asset set) if and only if all agents have
quadratic preference.

AAFAETC AR B I, FRATT AT DAAS 20 50 T P B 5 o0 I 10— 48— IR 4 e
EH 9.7 (Cass-Stiglitz) Monetary Separation holds if and only if for every agent k,

u,'(w)=(d, +w/y)” where d, >0,y>-1 (y isthe same for all agents) .

9.3 Portfolio Separation and Risky Investments

IR, AR SO W R S A R N DL e B A A R, FRATT AT A4S B G
TS HHENA GRS RAARIME T, 3L R . XA R 4 A k¢
) 850 ) K HATAS BATREAE A 2 SN B A 4518 . LRI, AL Tt 20 B LI,
A7 FUTE MR 3 A0 22 1R UE 23 P 4 45 6 6 i skt A7 A s 17 AT — HUJE XU ik 27 1
— FURURS UE 3 Rl AL 7 8 R < B 2 5 G ) o SRS 1 £ B L XU 25747 T T 443 21 10
SR IAE W AT Lhis T 2 MBS ESF IS T -
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Chapter 10 Asset Pricingin A complete Market
10.1 Equilibrium of A complete Market

MR TN, USRS HRE X O N=Q « WREATIRIES, X
— AT Bk, BT ST HSE marketed, H.M =RM =R®, M ZHTIHLIIE /3 44
MM ={X8:0e RN} . WKEUESF MMM il S BV Mo — e B, fE/EIREH
K% 8 g >> O R ST y =[5 Yo | A TN RS @7y - 5340, TE3 4 EE &I,
FESE AT @ A ME— 1), FERIML, W TAE— we Q, fAHERFRELAEG,, kS o
TSR 1, THE MRS T IS 2#h 0. JFH, 6,=X"1,, MErTimiks

¢,=S"6,=S"X"1,, tilkZolfRENH.
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X0,=1,=6 =X"1,=0=X"
¢,=S'0,=S"X"1,=¢ =S'9=5"X"

M, FATTA] BLAEAFE W AR UE 7 4 5 78 N AR S R RS ERE A& K45 .
LeJ7ud, I UHPRESSHE A G HA G EHEE Xy y, #4010, o=1,--,Q. &N
WM R ¢"y o Feilkh, MASHEE 1 HNERe,, SHHNED ¢ e, IMAREEL
HAG AL G5 . BT A M Be) ={c20:4'c =w |, Hhg=[Lg].

B(X,S)={c>0:c,=¢-S'6,c =¢ + X6,0e R"]
Ip,w=g,+¢'g =g'e=4g'c

515 A—D g —+F, fE—Aaeiigth, ZHERIEES T

I —— BN BT T W, = @', 1111 5 B AE I [V RLIR A& 1 () AR A TE

Ik, AT LTS 53 B ) R R A FEX R F A A A S, A%3
—AMTELRABRS], XA A BT HE SRR R T4 .
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AR K T SAESE 3 B A—D IEFR T KAl 58 42— R ) L, ME— [ XOp)2 3K
L% F B R S A R BRI T o AESRAR IS (IR, AT AR AR BT 41 15 24
JRIEAUETR, AT AR R AR UE T R R AR B, AP AL 9 XA 2 1 R 1 1Y
SEHE:

e 101 Hiiip sy, WHERCE SRS A EATAHRIM = A6 1 A—D 23 i
—FE, S SRR T I RS AR S 5 B BRI TR AR & B A ook

PAERAIH S HE R TA SR Y5255 = e, LLAAL
HUEFFMAS 6, GXH, WAUKEZSHHE | WIS LR T HiEs). 25
AL 1 RIS e, = X, WTAAPRES A A S WA G LR R A

W, =6,+0'6,=6,+0" Xb, =¢,+S X'XF, =¢,+S6,.
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At PR 7 Bl /2 B 208 4 1) B AT LA IR e FEILAE 1) I i L R AR R B — RS R ITH 2, K
S PITUH LA IR BRI,

nlax W, uk,O (Ck,O) + z pa)uk,l (Ck,la)) ( 101 )

Cko+P CG1=
XL, A1z TH AR, RMEGE XA RANEAE o 50, 3-ATTAT PALE]
B9 3 Ao . LA B TR

L= U, (Cko) + z Pl 1 (Ck,la)) - l(ck,o + ¢Tck,1 - W)

F.O.C.
oL
E,ozu k,o(Ck,o)_}‘k =0
L U, (G, )-Ad =0,YoeQ
ack,lw o k,1 Jdo @ H
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R A A2

W' (Geo) = A (10.2a)
P (Cio) = 48,, V@€ Q (10.2b)
XEWE, Vk:
Pl Ga) _ B, Pt (Curo) _ o Yo,m'eQ (10.3)
U0 (Ceo) Pol'v i (Cio) Do

(10.3) ERIRIPRAS RIS HHARZS SV 9 il ba O < LSS T e T AR a3t
—3, (10.2b) A5

U1 (Ciw) = A % = AP,V 0E Q

[0

WEMEERLLE IR, ¢,/ p, LY state price density.
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U ()(E=0,1) 7 K TR 2 CHAREBHT D) I, u' () A BRI, T BAu’ 7 () A7
£ GRS BRI Rk, AT
Coo =U'o (4.0 =U', (A8, / P) =" (Ap,)  (10.4)
Horp, A T ZI R R E -

Ck,0+z¢wck1a)_ u' _l(ﬂk)+z¢a)u'kl_](ﬂk¢ /pa)

(10.5)
=g,+ Z 0810
weQ

Ak, (10.4) FURT (10.5) & TS EUETFMIEES {9, 0e Q} FZHE
iR . DL ERfRE7R T2 5 8 B U 9B e FR I S .

EH 102 e, Z25H 24 (6.3) 2B A M H™ 1 M H A R AL, VK
u& a),a)'e Q, Ck,la) < Ck,la)' %H{R% ¢w/ P, > ¢w' / Py o
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B (10.4) 2, Hu' ') MR RIS I

PR, B P R 4 HACS R BN IS PRSI A AR BRI, XSRS T
T PR AL, RR BT

RIS G, TR EI, Wt

XX
Ky, 6, Wit G . HES 5 KPRESEEAEF KA ¢, (BINTHE 1A ¢,
SRR 9, RE o ST IRPIRASUESR ), e USURTIE S, SRR KA 6, =66, = X e .
L, RIEESR T HE &R R
$X%-Fh RTa,-TxE-Ta,

ATy LA T3 H i R 4 E0Br 5 B
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ZCK’OZZQQO,ZCN:ZQ(J (10.6)
o, FAESE AN E XL ¢" HRASHH IE L ARG 2 T 58— 4%
Z¢Tck,1 = Z¢TQ<,1 ::’Z(Wk _Ck,o) = Z(Wk _ek,o) :Z Co = ZQ@O

BRIt 25— AR 2RI XU AT TR 21 Walras 0.

ez e (104) M (10.5) N4 I SAALHE S/ G i, XT3 3RA1E
R4
SEHR 10.3 B e HLE—.

11 10.1:
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1 0
q_{O},g_[2}:V\4_l,w2_2¢a+¢b_s
0 1
x:{2 1}9:X_1{1 _1}:[6*3 6, ]
11 -1 2

§ =S'6=s B]E1 ﬂ:[s—B 2B-S]=[4, &l
B=¢,+4,5=2¢,+4,

u, =log X,u, = 24/x

U 0 (60) = AT PUY (6 0) = Ad,, Yooe Q) AT

BE# 1. 0, i:@:%:%; 1a¢%=4¢w:q,w= L 5% 00,

244,

1 ] L 1Y
- I =x2=244,=¢,, = = 242 °
AL T I (2&%) 42g
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A2 AR Coo + 2 0,010 = W =80+ D 0,800
weQ @=Q

1 1 1 2
PRLETPRLET e

4
1 1 1

7 g g

= W2

. 1 1 1 (o4 1
FARTEITEN S (+—+—)=—"=w,a=1+
’ AT 49, 49,

AR AT A D 6 =D 80 0.6 =D 8 T
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SR S

a 2 o

2
Cl,a+Cz,a:\Nl+ W22= ! + ¢a+2ﬂ3=2
4¢a 40(¢a 4¢a 4o

W, W. 1 2¢,+
by =t 2t
4¢, dog; 44, dog,
1

1
fﬁﬁﬂm—gmﬁm—g
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10.2 Pareto Optimality and Risk Sharing

A Optimality

51 H{E A—D 43 A 214518, Tl DU 58 4T 3 P 3 il B R S A i G
B 23.3)0 AHRAE—MRIGOLT, AT WA RO E 2 TR U E ? a2 v, 2
TAFAE T LU RS I U B R 45 AR 2 THT 0 Bt 2 S 10— 4%
EHE 104 BLE {c | & Pareto UL, WERAFAE—HBE 4, >0k=1,---,K), 113 {c } =2
I T R £

max U = Z,Uk {uk,o (Co)+ Z pa)uk,l(ck,la))}
k @

{o. vk}

st. Y. ¢ =>.6=C=[C,;C]
k k

(10.7)

Hrpr, C t=0,1 1M 9%
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PR (10.7) F O St RIE T E,  D E n] DL R AR s T i 22 5 6 BER 2T R
hR TR, BT 25 RO IO B AT .

PR &E—2 538 ROT R B0 Al H 5 2 I R 2, (10.7) U3 B v-J 2 ) H
PRER B AT AR A M e AL DL, PLt el (10.7) 1—Br a2 e e &
fFo Mg s B H 7R

L=U- %'(ZCko Co)— Z(ﬁ '(ZCW 10)

BRRAFAE AR, W —Fr 45444

oL

dCy
oL

G,

= MU' (G o) —9', =0 VK
fl

= K PLu 'k,l (Ck,lw) - ¢'w =0 Vk,w
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/uku'k,o (Ck,o) = ¢'0 vk ( 1083.)
pu' (G, =90", VKo (10.8b)

luk pa)u 'k,l (Ck,la)) — pa)u 'k,l(ck,la)) — ¢'a)
L'y (o) U'yo(Ceo) P

=¢ VKo

XH, 99, 0 Q} XY T HIELAW D ¢ = C If] Lagrangian & 7. KL, T2l
k

B ARSI R AT 0 W S AL b)) A% . (10.8) 2 Pareto e LAITE
A

XA kAt=0,1, u, ()2 MM Fril, b s vh-d 38 i i) @A an i

Co=U 'k,0_1(¢'0/ Hy = ﬂk)v Cio=U vk,1_1(¢'w/(:uk pw) = ﬂk¢w / pw) (10.9)
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£ 109 KXME — Wty am, B8, wREMNL
¢ )8, =08, 0=1,Q, HA =¢"/u (k=1---,K), Hi 4 BXNTZ 54 kW EZ
W Lagrangian 35, J8A b S v Rl 58 fn) 45 21 i e & AIAH R 05 20 A1 1 i34 e &
SEA—FE. P RRATIA T 1 1 5 2
SEH 105 X T X 2.5 IR LTS, AEAT—A Pareto SeUACE#B AT LL 56 A E 5 117
YR, AT E A S S Z A HEAN I ) T A kil 3]

SE B 10.5 WK AR 2055 22 50— E

First Welfare Theorem: If asset markets are complete and if the agents’ utility functions

are strictly increasing, then every equilibrium consumption allocation is Pareto optimal.

Second Welfare Theorem: If asset markets are complete and if the agents’ utility
functions are strictly quasi-concave and strictly increasing, then every Pareto optimal
consumption allocation is an equilibrium allocation under an appropriate distribution of the

aggregate endowment.
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B risk Sharing

B (10.9) KFATH
= Z Cio = Zu 'k,1_1(¢ "W (1 P,))

4 Uy, () ST, BTBA U, () B0 G, R U, () e B ) (. A
B, bR ¢, TR RS KRR ¢, 22 C,, B R FRR B R B 5 1
B [ k=1, K) (R

$',=9(C,i10)

H, p=[w;u]. 75 gCuXt CHRIARE oK.

¢',=9(C ;1) KNE—Z HFREMEERM ((10.4) XEk (10.9) 2, FAI#535)
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Coro = fiu(Ciitt) & = f,,(C3 ), VK (10.10)
Hop, £ ek, HTREMEE, FAEH{f k=1 KM e, = f(Cuu) -
RIS { (e 0s fi). K =1--,K} i optimal sharing rule, AF|EARBER, &E T H
A RFPRES NS H5EH S B R MR BOCR . AR,

;ndqWﬁikgnﬁthél (10.11)
A3 48 5 ) HAT G o

E¥ 106 if C,>C,, theng,,>c, Vk

'

W dat (109, FH
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Ck,]a) =u 'k,]71(¢ 'a)/(/uk pa))) =u ‘k,lil(ﬂk¢w / pw)
2 G0 =2 U (48, P,)=C,,
k k

Lo = g, (Cunf 4 )

[0

c,T= [ l=q.,, T

@

SERL 10.6 4yth T i ey, WSEE AR S 5 ¥ 2 RIBET 20 40 R AN 2R
Pe: 5—, BASEFNHEBRRERERER, DRSS T2 535 1Nk
WL Wi, IIHE T AR BB MR . 5, XEEB B8 1A E
Ry — XURG o AATTIR VS 9 55 AT 18 SRR MBS AT AR G R, FEUESF 4 EIAS S A
TS AR T 5 MBI . Bk, Eseaiigth, KRS .

SEATIT N KU 23 HE IR A R T8 = i (W Joe A L . JUHIRAE
2, ESHFHERE AT, EFFNS R aggregate risk——B[1LE ZLIR/H 2 b i XU A
7%, 4 individual risk——BIAMAS: B 2 T A 0 XU TG 5%
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C Linear Sharing Rule

B T HLRPELLAN, FATTRE T sharing rule JFACA 2 M PEMI45 8 . 70 0 RNIAS 5 )
DLHAZ ML B, FERE A T, 2R mr LR S 1. 3RAT B
G LSRH 0 R s i A 5o i H, EORERER, i, XA R
ko o 2 CMZbEREL. TS ML, AT FRATTA NS 2 R IR T F bR 1o

EH 10.7 M HAY
Vk:u' (€)= p(d +c/p)”
W, etk fENE . K, p >0,y>-1.

UER . W%
FERE 10.7 v, 2otk o RN R S AF EER AT 2 5 38 0T sl e HARA S H
AAMFRRHE R y -
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10.3 Representative Agent

EBEAANS H AT ] 7 B BN D R s AL, 1A MES 5382
FIRIIBCE, e S-Sl 35 (8 s b 250t 2 I 1) AT 20 2 1 HBAT 1B 00T e B TE 2
b, FRATAT AR e R R (10.7) 27 A A — ] ) R — RS g ) 7

max U= 14 {Uk,o(ck,o)+§, Puth (ck,m)}
= zﬂkuk,o (Ck,O) + Z/'lk |:z pwuk,l (Ck,la)):|
k k 2
- Zk:'ukukﬁ (Co) + Z Po |:;:ukuk,l (Ck,la)):|

u,(C,) = smax. D U, (Co) (10.12a)

070 K
k

u(C,)= 5 A D U (G ),V 0E Q (10.12b)

lo™ o K
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ORI ) B AR BRI IR I S R e T AH B A FR S T
P EEI  FRATT T DA e SO SR BV 2% P R sk, I8 X representative
agent Ay AT 1R T UK IS B) AT 43 15 (0 SO 80 FH R R AR 2 5

U, (C)+ Y. pu(C,) (10.13)

SEH 10.8 WERPTA Z 5 H HHATIEIE Hy" R M PR s i (10.13) 305 X
IRENES 5 8 IR s Bt e s 18 H™ R M

WEEA: B 10.12) A de RIS RS (10.7) g (10.8) K. IATHE

u'y (G = Zﬂk "o(Co) (G

9 szo(co s1)=Co

=9, Z f 'k,O C)=9¢', = :uku‘k,o(ck,o)
K

(10.14a)
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I(Clw) Zluk pa) kl(Ckla)) f'kl(clw)
' me(q s1)=C,

= ¢'a) z f 'k,l(cla)) = ¢'a) = luk pa) k,l(ck,la))’v/a)e Q
k

Her, ¢',0',>0; Xl (10.11) P E 9ok S
Z f 'k,o(Co) = Z f 'k,l (Cla)) =1
k k

JiIT A

u'o(Co) = ¢'0 >0
u'y(C,=9¢',>0

b o U= P A (W
U"o(Cp) =D 4" o[ F o (COF + D ' F 1 (Cy)

= Zﬂku"k,o[ f 'k,O]z <0
K
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Fhun, () <0,vk (3L EPZf"kO(C) 0). [FHFE, u",()<0,vk

PAERAIH b b AR S 5E I E, S E0OE 2 5K &
RS R e, RS 5 R 2

max U, (C, )+Z p,u(c,)

gle=¢'C

R Tk PG e 0
U, ()

AN Zi‘}ﬂgt[coyc ] o

MG R EK ¢, =C,,0 =C o HILAZ RIS BRI HPIRASHrks QT

PliC0) _y e @
'y (Co)

P, Basrh G4SN, LRI DSRAFIEH: hi ot

TS BPRZS A N IX LIRS AL PO
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R B2 HE PR S 5%, [ENSEsEAhvnna 24~z 55 04
DT e ARt (10.14) 3, AT

a4 'k,O (Ck,o) =u 'o (Co) = ¢'0

, ' , (10.15)
luk pa)u k,l(Ck,la)) = pa)u l(Cla)) = ¢ a)’va)e Q

RANAZ HE A 9%t B 2 s e & voE, i e,/ o' it i IRE
FPARES A% o

ik, Hiligseant, TSN E A E2ANZ5E 0T, BATTLE—
AR, RN, R A2 5EIREES5E . KB REERE
MEZ 5 E S BB, b i S 2 e 5 1 B IR i MURTES 5B
PSR B A BTG K 2 A2 HE T R e e — R B, 3418 H
st e, Rfoth iR S 5EWRIITZEIE . Fihlit, JATA T E AR
P2 538 B R BN BT W1 PR, SRIEXAS G5 T CH AL S BuE 5 o i i
e Z 2410
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fE Liitiet, WA CHZAZHEND Wik, &g XAEESS
o REgE TIRENSHE (MBI R E0, AT LIRS 5 A3 S HT S .
E— R, AR BB R FILL E 1, MR KB b R I A . Wk T
GRS 5 E TAVLIE G T R4 91, A E RIAFAEXS TSR ks Jnll ) 1
MRS VE I+ A B 7o AE I 7, BATRAEI SR it B
A UAAM AR NS 55 38 BOA7 ARV R ) 1 SR A 2 o

%1 10.2 REMS H5EMUH KU, =u, =logc +2u4,C—c, , HFRRECH

log€C+2u,/C)—C, + |:logcl +24,/C, , - ] [logclb"'zﬂ\/ 1b Clb:|

F.O.C H

ou 1
—=——u(C- q)2—0:>yq+q -C=0
a ¢

=C=-

1 Ji+4°C -1
o (1i«/1+4‘u2C)=—+2z2
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10.4 Aggregation

RS 55 3 BN & B A T MAEZS 5328 BT e 8, AR AT 2 TR
W oA . Bk, B OraE AR TR 4R I & 20 A0, XA 73 R ANK A 4y, =F
St LATE GRS A R . — RGBT, EIFA RN NMES HE R
PR T BRAROOC 2R o BT AT 2 538 A s BB ], ARRME S S 3 T &=
e HAEA, IR T M S e MES 5FH Z A B2, /£ 45T, Mz
B AR R B L —Fh g B 7 g TGRS B8 R e, B W s AEARAT 122 1)
i ook . JEHAERERMES 538 KA B S MES 5328 1R e BOB X R, 36
ATTFRIX PG 50 A 17 HL 1) aggregation

SEH 10.9 WIERZ T (025 E HHATW R 1280 e 2L

U, (0) = %(dk +o)
-7
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o, y>0, MRS H NSO B0 AHIRF B
u(C)= L(d +C)7
1=y

HEWEAEZHE 2K,

KHL, A2 T I TaERR, Db u, () WA 0 80 1 IR sk, HOg Mz —
AMIEAEAR . RIS TRl LR E0 .

FEEBE 10.9 BN B+, RERVES 538 IR s B A2 5 38 K0T s AT
MR, XA BATAZERAR AT 5 0] LA BT O A%

éf\uo(m=ﬁ(d+c>"&ul(0>=puo<0)’ Hfiit

4 = pwu'l(Clw):p [d+C0 T

u'y(Cy) d+C,,
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10.5 EETH R BT = A Y

e T IR, TN TERAE R — S HT 8 7 I YA e 28 W A T 2 ) 3
F, IV AR AR 11757 1 R BRI 4 . TR SL A 0 R (28 5 2
AT S WA AL
A ETHEREN KRR

HARALAAE (10.3) 38, #FFEA X, = X, =[X 05 %0 U, & I

u@@gx}

kl(cklw
X =E
¢ Z¢(1)Xa)n z pa) a)n [u|k,0(ck’o)

2] kO(Ck 0)
RIS 5 8 1A b B R XA 255, FAloT

S= E[ W(C) g } ek = &) _ 4 (10.16)
u'y(C,) P,
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(10.16) &5 7 DEATFr U AE AL MAUETF SR 21 RS R B A o XA,

: <(CC)) BREMS 5SS ERS 0 F) ML .

ESCIEEATHE IR RA W E A 1R IESR. B4, (10.16) X4

1
I+r1;

B=

= E[#] (10.17)

X FRESIESE n, BATH

S, = E[#X,]= E[#]E[X,]+CoV#, X, ]

_E[X, ]+COV[7[,X] (10.18)
I+, RTR R
P

WA WS, IEZE RO RS L e R CRUYD SO LI B AN A4 B . BV L i & 4
NI — I BRI S KB, AEZR RO A% 2 R EA T i 2, Xl 2 5 — T
ST TR (R 2R B s LR AT B8 7 Ak T R AR o
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EOLiEEAE & HEyy:, HA SRS HE (LA aNMMES5%) 1 (1

Xt AR A AADE, Bl Covz, X 1=0. HEMAR (10.18), TS, = E[X.]

1+r:

PRI, 3 E S (0 AT B TR S R SR SCAS TG B A 34 B . 225 i
[, SRR AR —— X BN R . HBRATES, hTXERRSS
HERABAAER, BT EN Bt E .

PUNAESE A IAEIE T, S5 AL bR 80 58 48 ARSI 2/ SR g, A
b, AR AT B 8OH FR AN K 1T AR S B/ B K ARG, T EL, FRAT T AT Ak
10 e 355 R AS 8 5 T T S I P U B - aggregate risk s T A5 2 AN S XU Bk Ay
idiosyncratic risk. H4, FHIBTHEUH], 27 REd K5 SR XA O, 1AMk

RS TE K o
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A, WANPRHET e 5 B ZRISCR. ik, BFE A 52
55 bR 7 FARSCIIES:, Bl Cov#, X, 1< 0. X REEBARABR S ARE T EH
ST, TR R bR RS T E ST R TTBAR - D8 32 B0 R 2t R ok,
AL BR8] FRPRES AR 2 VY 2 IR o BRI, X IR AR BRUEARDN A . S e
FR AR S A, TAE BEUSAHR AR s B S O (A i I S JVALIR .
ZHEM S, RIS Pk W2 AR, |1 (10.18) 2, Ak AR A
6 e 4B R D, BN UE TR AT 37 i ARME & P s R PR I A4 XU

P 1IN0 )5 2 Covz, X T IAaXHE, Bt dt, Softs 25 8 ke
(B 22 S St ELE R EDBROR , T 25 ARG R K LT 5K 11 ARG ¢ B K« PRk Cov[ 7, X ]

SR T UESR n i AHE R R A XU K/ 6
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ST A5 2 5 bR IEA G E) Cov[ 7, X\ 1> 0 IR, FATEHIR ML . X
bR BB R N IESR SUAT B R, 23 e B R B AR RS ST AR - X THX ATk 3t
EE S AENE, BRI RS E A .

Covi#, X,1<0: B HC # (F/) WFRIEEE X, I, SRS, WERTH

Cov[#, X,]>0: MR CAL (7K WFFHIEREIN, IEMHSE, SRR . 49
TEAANIFI, R BATIFRAE T IRE

FEMT IR (10.18) AALAGIATRE AR A28 555 AT T S W A A UL

iy W AP AR RS ES . SR RUES h H 2 5 38 A b O AR )
gy, AR RS 2 55 1A BB ARG 70

B BRI S S P AR AR RS AT G, 1S A A KR TE K .
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B =, AN PR A SR USRI T8 1 SO S A bR R R 22 T E R R
8 3 A D)5 2 T L ) S A UG (R /N B Bl o SRR, BRATT AN R 1 35 X XU AT 17—
ANPERG R E ORGP 2E, JFE T e IR B LU R A% (R 5

P (10.16) 3Crb s B2 2 FH SR 52 5 38 BV 9 (R B R R 5% 280K o X
B It N e e i, Mg FR & Consumption-Based Capital Asset Pricing Model,
CCAPM.

CCAPM S5 S R 2 A W A R I AS 2 SIS A A iR . I iiESF n IR A %
N =X /S, FRERNE =% —1. TATATLIE (10.16) X FEF 5k

E[#%,]1=1,Vn (10.19)

XFHEAEIETR, BATA E[Fx_]=1. K,
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E[#(F,—1:)]=0 (10.20)

E[Z(F,—r:)]=0= E[Z]E[F, —r- ]+ Cow(Z,[, -1 )=0=

1+1rF E[f, —r-]+Cov(7Z,f)=0=
E[f,]-r =—(+r.)Cov7,F,] (10.21)
S, =IIE[—)$“]+C0V[7?,Xn]2>1=H—E[r~“]+Cov[f:,1+r~n]:
F F
1=%+COV[%, F1= E[f,]-1. ==(1+1.)CoMZ,f,]  (10.21a)
.

= E[f]=T, =r. —(1+r.)CoV[ 7, T, ]
KRR, RS KRS B ELF ] -re 58 e R AR 2 5 5 1A b
R Z T AR I 7 22 AR R B o 2 W 5 22 9 IE I A 4
(10.18) A thE &

10-34



EIX, ooz, % 1= EXal _ ELX]
1+r1: 1+1, E[X]

S =

n

(10.22)

Her, T, =E[f,]=r. —(1+1.)CoV#,T,] - X/t A present value A, ERRIESHM
1% SRR SR I B SR —A KR A B fE TR R T B X T XSRS, BT I3
i3 I KW 7 1 B2 S AR (T A ST B 771 Ry £ ST 7 [ S W v 12 e e Y (| K e

S TR XSS s A7 1 78 2
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( 1, Covz, X, ]]

— E[)Zn] ~ N7 — v
Sn_—1 +CoV[7, X, ]1=E[X,] ot E[X]

e

o (1 D R

m

+CoV[ 7, #]]
F X,

]
:E[X“][le +Cov[ﬁ,1i£‘]j=E[)?n][ L . l_Cov[fr,Fn]J

F N l1+r. 14T,

—2+CoVvi7, ]j =

E[X] 1+T,
I+7, (1+r1:

s F]1=1 from(10.21a)
I+r1;

ST =1 —(1+1.)Cov#,T,]

A (10.22) AT AE N

1+Cov( 7?~ , XD j 1+Cov( u'l(Cl) , ~~” j
E[7] E[X,] E[X |= Eu'(C) E[X,] B[R]
1+r, 1+r, :

S =

n
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B ET1H A SEA R B8

TGOS B A R RN B AT 2 () DG R IFA R, JRATTHE— %18 Lk LU 2
LN E A

D fRT R L, A — 254k, 4 C =C,(1+ @) » W § Al 2 s Kok, FRA 1% §
/. W)

u'(C)) =u'(C,(1+§)) =u'(C,) +Cu"(C,)g +0(g)
BATEMEBE U, () = u(),u,(-) = pu() -
XEE, Z 5 F AR RO 72 RTA] '

__ uw@C)_ ,{1_[_ Cu"(Cy)

T=p '
u'(Cy)

U’(CO) Jg"‘o(g)]“p(l—Rg) (10.23a)
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XHL, o(§) R g KRBT I, BAEE R, B S IR S S R XU IR
ARG AL R R (At S T 32 B R4 HIRHE 9K AR E CRITu'(C) X C 1340
fE MR, O 75 ERA TR B A g i s Ak,

E[fr]zp(l—RE[g]):p(l—Rq):1+1r (10.23b)
F
XH, g=E[§]A&RHE JREIRE) b,
i (10.23b) 30, AR 1+1, = —
p(1-Rg)
r. = ! -1 (10.24)
" p(1-Rg) '

(10.24) NI T o MBS A AR 22 B REAC T 2 TR (R OR AR o FEACTHI R A 3= A 55
JrHT: S SRR AN S 5 1 Lo
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HoG, BATER, RRSHHKHEFERERIEL . X2 MRERNLR. 125
B PSR AT S R Z I, AR E SIS, DRI T 3 ) B A R 3 A A
He K, MRE5Z 5% BARKRRFTIRAS p B ERR . ZUREW: Z5HKN
[EIFTELR O, AT AR O B . DI, AR Nz sy, IX R4 RE
STk & TP ARG 0 H ATV SR AR . [RIRE, 3 REBUKIT, 45 RRIH B 10
K, MR BRBAR, WA ARRKEFEANFR. Lk, WiphRnis, iy
5 RIE .

IR I R 2 PR REA TR A R SRR I 2 R e 2 MK SORPR BRI BEA  . E E
S W] SR R AR T T S 0 L BF R BTN, AR R B g T T I R A i, T
L IR ) i 2 AN o PGS 1 B A O AKASRE S - 22 I LARR A real interest rate 5224
T47931F nominal interest rate. S E LLSEDRR TS IR, 144 SRR I LD T
KPS RIAA . BATHITHE A LLSE N P o
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C AR FR B2 K o
TEVFIE T T MRS A 28 BTG XU 9% 7= i 2 2 e, FRATT PR 5 L8 AT IRV % 7= i 2
.o (102D F (10.23) X, FA1SLEI15 3]

1
R (1-Rg)

R Covg,f,] (*)

COV[)Q(I -Rg),f,]=
RAWEES, BT i Roean, BAZYE 1 B0 MR TE R TS
WS LA B Y 6 = 3 XE, = T6, « M50 P AT A S 2 M4
BTy, G0 AR M. IS ALLEr m SR R0 28 0 2 B
W8 00 52 2 MEAE BB ATAT ] A—D ik R i B M A, We,=C, Hih
C, =[C, ;- Co ] 1 MR B ik AN AT Ny v, = 97C, , I g IR A

A, HEmkEENe =(C -v,)/v, =[C,(A+§) -V /v, . Kk, A1
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g :(Vm/CO)(l-i_rm)_l

%) 5

r—r: z%v—:Cov[rm,rn]
ARG AL HBATHLE, =6y WA, 1, = 1—ITQg\C/: oL, Yt o2l
o mGEER I % B, - gEmJ";érF, FOA b, A
F=te = B, (T =), VN (%)

HH, B, =CoMF,, T/ o A& 0] Ty IR RN R

IXAN IR A LUTE Ay T vt i B 03 T DAV 9l 4 FE Al 1 98 A 9% 7= e M B TR B 4 L 1)
KU 553 UM L5 @ i Z R R
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KT A m BSOS B 32 B KR T 9/ B0, e s 5 A0 XURS: th IE A
ZF RS o AN B R AR T2 S m B RS R R E B, L, BIRTE SO

BTSRRI R RE o A ZHS m i A 1, XU -t 50 A& B S A4 XU
FITPAF IR o JrLh Cord UMY, N IR XU t e ARR T T 245 14 B Bk
A, e P IR A 25 B JIT L ) S A X, TR L B, B Ak KU BRI A T — 1 o I A
F 4 1) Capital Asset Pricing Model, CAPM.

FRATEESR, 3K LT 3 (K AT 7= e AR LAV 20 by Rl 0 0 A 0 7 e Y
H— M —e 2 T A & B e KT 2 5 3 3L b 43 20/ . 728 13 5,
BATSE R, EUESF ST AT B S B IR L — @ I, 35 2 ks S
KL, BT ST AR 1K, B LAY Bl Ay B ) A 7 B A I S Ak A

INUESR7 S 7 v
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FeAT T T I 4 PR A A 30 B A BRI AL, G TR LS it P T SR i
UAYH 9% A FEA P B AR B 7 TR 20 0 2 S0 s, AT 5 4 T LLE S ik Rl {BLT R
U™ % A -

HIRIXFE G o ETERE o WA X, , =7, =0"(C,,) /U (C) » WIRH
A—D iEFRFR, A5 q MK 6, =m=[x;7my]. EWTHENIY, =2"6,, WiHEN
Py = X/ Vg =1= 7/, — 1o IR, TATmt vl U AL o e oktid 2 5 2 Ml b

Z=v,(1+t), JHEENTTR (1021) BF

=1 =—1+r; )VqO'mq

Hrp, o, =CoMf,,f ] 2UE% n 54 G g KK 2. 4 n=q, JA1A

q

- 2
r,— e =—(1+r)Vv,0,
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EJl: e
=1 =08,0-") (10.25)
K, B =0,q/00 ki n X q it Bt SHE, A6 o IR 26 BRI Ay i 4 SR 1)
IR, AN B AR T o (¥ 8RR AT e AR EL R A U (R B, e P XU S A7
M5er SEMRIER. Bk, (10.25) W LIER CCAPM 5 —AKE T B
CAPM WX 2T AL A m KIBGE %02 i UL T BRI, malE g 28
IR o TXALAT LAV 2l S BEA (K B2 A B i A AR IR [0 S TR A 56 R 52 B I FH 52 38 B, DR Al

AR L HARAEVE I 5E Hri 2
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Chapter 11 Asset Pricingin An incomplete M arket
11.1 JHRAEZ A%

BAVE 56 H 185 58 B S B AL Ak B . 4552 SV RE X, TRy
P IIM ={X6:0e RN} RAEAN AP R A N QL AE T2 . N<QIY,
M =A% AL S TR TUAEARE 2T, AZPTaW RS Emmien. mTsY5
HHITHAR, BATA = +X03c—g=X0eM . Fik, fhse 1 MR T N
Y77 {g +x: xe M},

WA DUEH MR RN 0. S 5HIMRA I E

mgtx U o (%,o - STgk) + E[uk,l(é(,l + Xek )]

Hrp, k=1, Ko MBLHT—#F, AR AL A (3 8.2):
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S0 (C ) = E[U'y (Ck,1)>zn]avn (11.1D

s = Lu) ¢ (11.2)
u'k,o(ck,o)

KA, VKK,

Sn _ El: U'k,l(ck,l) )Zni| _ E{ U'k',l(ck',l) )zn:l’vn
U'6(Geo) U6 (Geo)

KU, XTS5 KU, HHERAS S UEZF 1 SO DA 21 AR 3T R AR 12 B 0]
CHIX 0 I B AR ) A o RGO IHT ) — A, W BHE P
Euler Jjfe. HIXEE2WHNTBAZEMN, 1582 ERURES N AT I kR

A (X 10.3).



FOUUF CCAPM, (11.2) N T 25 K S AIESR Ui 2 AR R RIC R« i)

M, RN 7, , = e Go) o gy
u k,0 (Ck,O) pa)

S=E[£X].Vk (11.3)
TAMEE RS, REXNARZ5E 7 2 A FE) ety t, a2y

HHIE R, RDRZSIHE S B . H (11.3) S TE M k #BEOL. WAk IRATT4
Gw =Py M (11.3) XFAN

E% :::E:¢%JDXbJ]
B EMIREAR I, TEMERE D=0 :0,]>> 015 S, = Z@wmo

TR, WA TS AN AT A AN ARSI
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Euler i (11.3) 5521511 CCPAM Z i —/NEZE %)), £ CCPAM 1,
BATAT LAHARERIES 538 A 1L R AU RS ks CRRED, TRIAF RS 22 o 250 FH A4
TROHT . BRI RANMER, AT/, ik, @R (10.16) 2/D1E
JER EAVFRATT AT i A B R R B IR R B AT A% . (H2AE (11.3) N, 2
(KA I bR AR RIS TR kv 2, VR A BT A58 385, X2 WAEI . BRI
ST AR, A (11.3) SRR —AN e s e sy, Ble AR U T 22

D (R A AR 2 H e SORT R (SR



11.2 AR PRI E

YITHAE A, WHILE — AL Pareto SR X RITRI, MR Z 2
ISAFHAE AN . 253 FUBeAE T eHUESR Tl v (s e v o PRIEns . 4R
M, HESR T AR B T ST e VF S B A e VS L B BT 0. RG]
FAR 2o IR I e 23 5 UE DR T 1 K B, S0 B T S A R P R S oAy
R
EX 11 BEaF P2 HEFEMNEK {g. vk}, B & {c.Vk} Z attainable,

Vk, X6, =¢,-6,€ M.

Himreenf, M=R%, [EEREMLIIRG. Ml g, FERER

Rl



X 11.2 QR BA HAb PSR HIBC & {c',, VK] 115
Zk:c'kzzk:ck (11.4)

H{c',Vk} Pareto F0T{c,Vk}, FRATMFR— ARG HIBCE {c,, VK] FEIEZF T 4
X T #& constraint optimal

FOERANE RS, BMRCE SRS, Bohe, -6, = X6, H g ESH#E Kk
HDEAERE P2 8
SEHE 1.1 {EIEZR TR X T B2 A R .

IR 55 2 B e X Pareto St (RIEATHRERAL) AR, BAEHRRTA A
UESF 23 AF I & VR 2 UETR/ B8 AN T A S) 1E S e T AZ 33X L8 58 7 ol H S A I P s

AR RS o



FEZ5 REICE AT RLNE I, W 2R—NIC B9 I BIANRE th AT Sy U2 A i A CEIME A
T4 T SRR AT IRAFHD, IR A ENTRERAF N A AR . P AESS E 1

W&k, A Al SRR B A BRI S 2 1



11.3 EREEmY

REAE—BAEOUR, A 2T HBER BIZ R B A, (A7E— @&, AR
(REREEIRYECY TP
FEX 1.3 45E 2 5E M EIRFRL, {6, Ue,.U,,), VK] IRl —AMIES 1T X AL
SRAFITA 1) Pareto ARALE, HBAFR'E N effectively complete.

Bz, FRATTR] LA 2 1 e B
SER 1.2 WRIESR T R SEBUE 2, ARG E /2 Pareto BRI

UGG S 58 TR R L2 — € 4N, AT RT3 SE B8 A 1S
o BAVEDGERIGIEUEIF AT GG . EXFHE T, ATLEES 535 S E U

R, Sike,, I A SR NAL B,
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TAIHE EEPIAE TR RE SR T 20k, Hrh i #oE se e 2. R —MEE T,
W HATR BRI SR, RS —MIEE T, 2535 R L R e 510
A DLE B A AR 5 B AL

WS 5H K MYHEIRN N, RIS GRS 6, . A S 5#HFHma4n
MBS EITHAL4 6, « CTTHALETI AN X, = X6, » T4

Xy = x;ek :Zk:xek =;e&1

PR, X, R 1T IR B, 45T 1 IR R 2.

T Xy NG AAFRIE: X,y <o < Xy, o FATBAEBBA N, -1 AR A5
JaRR O IR IIRL, TR B X,y Xy o P, TR N+ Ny — 1S N

HBEIEZEAN N, =1 R BAI G AR PAT O 55 % K AL
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ity AR g, XA EH 5 EATES 5 Fhirg i HIIBCK e e 15 12
AR, AR BAT MBS AF AR TR BOUE T T 5 I B AR 1 587 (R 3IAL . — fBeHh,
WSTRHAETF A Q MAFRISAHE, Bk, JAIRER Q-1 8 #in RS
WAL, B3 Q HUESR. MiXH, FATRT A LA 416 ks i IR izl
HA Ny AT BEM AT — kP, N, <QH Ny R/ M Q. W1 s &
ARSI IR EAEZFEOT RE RN T Q NI T —BoE A e 2. R, £ MEZFT
Wz, IR R T e A IR T g
EHE 113 MR T T, WIS 1 s Ui 46 s i) AT 55 % 1)
IR AT S S e 2 o

G
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B HARA & H Bk
TATIAEE 18 242 5 38 1 80 R B30 2 — 7 R A INHIE 25 11 4 28 RS i 58 4 G T
EM 114 {5 MEZFgastd, WRAEA L REIES: BT 2538 HA 0 B
HARA 21 o %
vk:u' ,(©=p . +c/y)7">0

Hr, po>0,y>-1, AT ELTTEEN,
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Chapter 12 Mean-Variance Analysis

Solving market equilibrium and pricing asset under general preference and distributional
assumptions are no easy task. We now consider further assumptions on preferences and / or
return distributions in order to obtain more concrete results on asset pricing. [l A1% &,
2 5538 B e AR AR 5 2 A RPN R PR RV AE ANy 22, 15 A ) H At RS 1 T
K, XA Y mean-variance preference.

s - S U o To N
X=1+7,z=—,2=7'X=>W=wZ=wz' X=a'Xx=a' (1+F)
w

WG X 7% 7525 = (cov(R. X)), MRIHERR: U MRS %

FISBH A, PO DTN “ 47, RS IITTERN D “—, BH RS N

1
u= zTX—EazTEz
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12.1 M ean-Variance Preference

BATHFRNES 5 [ P A G R 80T 4. solily B3 N Jagyilbde, SOft
FEFER Xo ANR—febE, e X HIRN No JATHES 55 3 10T 2/l 8 Do 21 2 45 72 1,
1M R AT A Gk fe. Rl I, BAMEBT S 51 1 I SRA S T 1e i,
e, eM . Kk, TAIFHRERE MEFFTIHZst, M iftal g (8.8) X

VW) = max E[UCX6)FFik. T, 9 EUGR)] BT W A4, under

some regularity conditions, we can write

) = (L] + - EL) = 3ol EL (W EL)

= U(E[W]) + u'(E[W])(W— E[W]) +§U"(E[V~V])(V~V— E[W))’ +R,

Zi ™ (E[W])(W— E[W])"

= n!
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Expected utility

oo

E[u(®)] = E[i#u“’(E[M)(W— va])“} = Y U (W) E(w— E[)

= u(E[W]) +%u"( E[W)o” (W) + E(R)

E(R) =3~ u” (E[W)E(W- E[)

Note that E(W—E[W])" is the n-th central moment of W. In this representation, the
preferences over the distribution of terminal wealth is expressed as preferences over all the
moments of W. If the preferences over the whole distribution can be represented as
preferences over only finite number of moments of W, VR FURIAH Y (4] A Bt &K
KTtk . Since the first two moments, the mean and the variance, are the most often used ones

in characterizing return distributions, we are particularly interested in the case
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E [u(W)] = V(E[W], o[ W]) (12.1)

EXFE SN, BAES 5 #H M MiFf mean-variance representation (25 ¥#
mean-variance preference.

AR, (12.1) A LLE uC) RS W 40 A 35 A2 e i 4 PRI A BT o 4558 W= X6, W
oA BIBR IR X A LI BREIA . R TR AN AR A 617

faj st 0L, 4 W= E[W], 0, = o[W] .

12-4



SEH 12.11f u() is quadratic, then E[U(W)]=V(W,0,).

Proof: If u(-) is quadratic, then u(w)= W—%awz, where a>0.Thus,

E[W—%a\fvz] - E[v”v]—%aE[Wz] - E[\Tv]—%a[(E[W])z +Var[v”v]} =(1—%av‘vjv‘v—%a0'2 =V(W,0,)

w

For a>0, g—x =1-aw which is positive if aw<1 and aav =-ao, <0. (The condition
W O,

that aw<1 is needed to guarantee non-satiability. This then implies that aw<1) . And

azV=—a<0 a—ZV——a<0 oV
oW’ e lo " OWoo,,

w

=0.SoVisconcaveon W and o,,.

FE_EIRAF A, AT R4 o8 B K A 7 AR 5 18 IR 70 0 A 08 A AR 2 A A
PR FIRAETEMIEAR K, BRI URSEAT I 20 A 1 H PR
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SEH 12.2 If returns are jointly normally distributed, then E[U(W)]=V(W,0,,)

Proof: Define €=(W-W)/o,,. Then €~, N(0,1) is a standard normal random variable
and W=w+o0,€. Since the distribution belongs to a two parameter class (mean and
variance), we have E[u(W)]=Vv(W,0,,) .

Furthermore, we want the derived utility functionV(-,-) to have the “right” derivatives.
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SEPE 12.3 If returns are jointly normally distributed, u'>0,u"<0, then

1. alv=a—f =E[u'(W+0,6)]>0
oW

since U'()>0 (”increasing utility w.r.t. mean™)

o’V

2. aflvzaﬁ

=E[u"(W+0,6)]<0

Kb u"() <0 (“decreasing marginal utility w.r.t. mean”)

. d,v= aBTV = E[u'(W+ 0, 8)&] = E[u'(W+ 0,8)]- E[6]+ Cou'(W+ o,8), &]

w

= E[u'(W+0,8)]-0+CoVu'(w+ o ,€),é] = Cou'(wW+o,€),e] <0

eT—> W+o0,8) T u'(W+o,8) - Cou'(W+o,8),81 L KA, R
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R

4. 9,v= Fyt E[u"(W+0,8)&]<0

w

PR PR 331 KD

v
oWdo,,

5. V= = E[u"(W+0,,)8]

(A2 XV 0 which can be either positive or negative. If, however, U(-) exhibits DARA,
then it will be non-negative.
6. Now, let us consider
(07,V)(93,V) = (91,v)* = E[u"(W)]E[u"(W)& ] - (E[u"(W)&])’
Note that E[X*]E[Y’]=(E[%y])* ( Cauchy-Schwartz inequality. If we let

X =—-U"(W), ¥ =-u"(W)&,then (9;,V)(d5,V)—(9;,V)’>0) . Thus, (W,0,) is concave.
12-8



Therefore, the preferences over the distribution of wealth can be expressed as
preferences over its first two moments when returns are normally distributed. Furthermore,

the derived utility function over the two moments exhibits nice properties.
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12.2 Mean-Variance Efficient Portfolios
IAEBA% 162 3% BAIE — 7 Z Wi B A A a8 .
® FFINER I F=[F;-;F]
® PN T=E[f]#0
® RS by RN X =E[(F-T)(F-T)']
o WAGIIBERNF: z=[z;-27,],21=1
o BRMUAHIEIE: f,=2T
® HrAL IR R E[f]1=2T
o UL %: ol =732
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L ‘%\&ﬁi: w

® 1 MASIA: W=w(1+F)

1 S A4 W= E[W] =wW(1+T,)

1 WIS 2 Var (W) = wWo,

W, MRS 5HAGYIE— I Z WM, IBA0ATR S d] G0 s 2 3 E A
o
BB EXFEMAL G IR R4S e I s My 228/, AT SRAF X Rl &
() ) R IR TR
min

st. ZF=T. (12.2)

12-11



A (12.2) 4 HFIZH A Y4 mean-variance frontier portfolio.
ERX T, AR A N EZRER S KBS ES: He AT s A 2 e A O
e BRI, Z2/ A& 1EE B CORUE B4 F H AR D) o B LIS ks B H U5 1

L:%zT Yz-A(ZF-T)-A(Z1-1)

The F.O.C. is
JL _ -
E:ZZ—AJ —Ar=0 (nJIED
ol
i:l—sz:O
o4

12-12



F—NHEENE z=AT+41, Bz=Y"AT+A) =4 X' T+A4 X "1, [RARZ
A
(D (/I,r_T+ﬂqu)Z“r_:r_p(:)/lr(r_TbZ“r_)+ﬂl(zTZa‘lr_):ﬁ,
(2) AT+ X" i=1e A (r—TTZ‘1 D+A zc-l =1

%,

a=0Y'r>0 b=r"Y'r>0
c=0'Y"1>0, d=bc—-a*>0

A =d7(cF, - a)

A =d"(b-ar,)

z=3" (AT +An=d" X7'[(cF, —a)F +(b—aF, )]
=d”'(bX1-aX ' H+d(cX ' T-aX )T,

% 4-%

(12.3)
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MTR—AT, AAEME—RR LS, el (12.3) {4E. b RARME, &
IER S R A 58 %4, #-4E mean-variance frontier, MVF.

I ATV 2 5 R, FRATSZENAS R TR 458
SEH 124 AT AN BME— 7 Z i IS 5 &N BAR A G2 N YE— T7 2 A

AN
=1 o
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12.3 Properties of M-V Frontier Portfolio
From (12.3), a MVF portfolio with T, can be expressed as
z,=2,+T(2-2)=(1-T)z+7,Z (12.4)

where

z,=d'(bX"i-aX'T)
z-z,=d'(cX'T-aX"y)

Let T,=0, then z, =2 Thus, 7 is a MVF portfolio with zero expected return. Let
r,=1,then z =z.Thus, z isaMVF portfolio with T, =1.
EHE 12.5 Any MVF portfolio can be generated by the two MVF portfolios, z, and z.

IEW: ooz +(1-a)z =7, +T,(z-7)=2,, Ma=1-T,.
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W 12.1 B — 7 Z AT AR SN MVE 485110
¥ 12.2 Any portfolio of MVF is a MVF portfolio.

MR 12.1 BB AERIE — T5 25wl T PR 70 B RS, T2 9 FErP ik E BE 9.6 I
BN
S 12,6 1ERIE— 7 2 F L5 B R

goEmih A N HXBIESR, A6 z 2RV e Zi=11—" . AE5MmES
Z={zeR":Zu=1} ZR" P l—MN—DLEREFIHE. ATl e UE Z i—A 74, 1id
M Zyvre W3R H (12.4) X, Zuve 7T R HidEds 2o F1 z) I 26 |

SEH 12.7 B — T ZWE A S Zuve 0 T RY H— 4 B Z b
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TEBME —J7 ZZHEZE T, URZF GRS AT o OGS 20 1) A Ja 1 R AT B A 2 32 MRS
At R RS ) 28 B R R s o R R AN T MVE 415 p. i1 (12.4) 3K,
z,=2,+T (2 —-z) B HET7 %N

o, =12, +T,(z - 7)1 27, +T,(z ~ 7,)]

= = = ; (12.5)
0, =\%'22,+225(2 - 2, +(2 - 2) Xz - )T,
Uk, EF—o P b, MVF &4,
il 121 W LUE S|, ET -0 Vil L,
MVF () B e B — T 2 m X ST
AR 115 W VA BT St M o i e 4G ey aic .
fF5 MVP) Y4 mean-variance efficient
portfolios, MVE #l& . MVF [T f0% \
.. . . e e o(F)
minimum variance portfolio, MVP: \
12-17
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1 _
anf)/al’p =0

(z-2)'22,+(z-2) 2N, (2 - )
=(z-2) 2(2,+T,, (2 — %))
=(2-72)' 22,,=0

Kk, MVP KRELMRZ
(z2-2)"22,,=0
H 1 5 3]

[@-2)z]

_ (z,—2) 2z, ) .
r = — , O = E
™ (z-7)'Xz-z) ™ “ (z-2) 2z -7)
MVP I S R it alc .
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MVP HA W~ PE:

€ 12.8 For any portfoliop, Covr ot

o> Fonp 1=

Proof: Consider a portfolio consisting of MVPand p: of, +(1-a)f,, . There must be

0= Argmin Var[af, +(1-o)f,,]
= Argmin o/Var[f ]+ (1-a)*Var[f, 1+ 2a(1-o)CovF,

p° mvp]

F.O.C. reads:

oNar[F,]-(1-a)Var[f,, 1+ (1—2e)Cof 0

p° mvp]

a =0 isthe solution < Var[f ] Cov[rp, m,p]
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EH 129 M TARMVF4Ap (EMVP), fE4E—AMVF4] & zepffifs Covr, T 0

pa ch]
UM SHTAER B AMVEL Aphilg, Al 147

Covr,.fy]1= Z; 2z,=[(1-1)z +FpZI]TZ[(1—Fq)zo +f.z]
25 p, B HAY

D 3 A
(z-7) 2z,

q

I, CoMF,,fp]=0. XERMMM T 5z, #2,,, W(z-2)2z,#0
MILT EBE, zop (AL E AT DAE I T fET —o i b, e DA a (B
T MVP RS AR 5 5w AR D ) B e 7 0 SR W 2 AR AR AR il RO 45 T EfF ]

PAERATRA FE MVF S MEARA & (BUESR) Z KRR
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EH 1210 4 p i MVE A& . MTFERAE q ATE
T =T = B (T —Tp) (12.6)
Hr, B =CoMf,,F 1/ or 4 g XN 244 p 19 BAH, 1T zcp 2 545 p Kb s %

0 i MVE 414

E()

E(r(M)

3t
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12.4 The Case with Risk-free Asset

For the N assets we considered above, then were all risky (X is strictly positive
definite) . Let us now assume that in addition to those N risky assets, there is a risk-free
asset with rate of return r_. Also define 77=rF—r.z and 77 =T —r.tz. Let Znow be the vector
of portfolio weights in risky asset and 1—2z'z be the portfolio weight in the risk-free asset.
H1-21=0, MGREBHE: #H1-21=1, WATREES™. Then

W=wW(l+r)+ > a,(f,—r.)
=w[Z'(1+ r):r(l—sz)(HrF)]

:W[(l+ rF)+zT(F—er)]

=W(1+1.)+2'7]
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A FEAEETT R IESS R B MVF

The MVF portfolios are now defined by

Here, 77, is the expected excess return on p. The Lagrangian is then

L:%zT Zz+/1[77p—zT77]

The F.O.C.:
oL
—=>7-An=0
0z 22
oL _ _
Fyin ,—Z7=0
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This has the solution:
—_ 2"77 (12.7)

where we assume that 77'27'77 > 0.

M7, BORFERERS, FATH (12.7) St 8] T 47750 XU UE SR I (R385 — J7 221
VAR

MT7,=0,2,=0, EWFRELEAKL ™. W Tq,=0"2"T/ C2'7)=7, &
Hi'z, =1, Watitil, ENMVFARREERKIES, 1PN tangent portfolio,

itz . W4
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X TAER MVF 418 (FFAETHB B I MVF 415D 2,8, =1"z, #1, HIi'EAE
RBEZF R R EASET 1.t (127 X, a =7,'2' A7 27 =17,/7 - Kk,
Z,=a,z

ot b, A MVF A& R BN D) R 416 z &4

EH 12,11 YUAEAE TR AE 2N, MVFE A] G RS IE 25 Y] 2 20410
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B Sharpe tb

R g AT i B R . B IR AN LS, B XSRS BRI [0
z. Za=1"z NEEIANIES: ERSBGE, W 1—a h'eft BRIES: EIRGE, &
Xg=(1/a)z H—"5EamREIEF RIS, Wlq=1, BAER—AHXRE

ZFA NSRS UETF M I AL 2, B ] LS M 3o Bt o XU UE 72 A — et MU IE S

[142}0_3)[1}{0}{ l_a} (12.8)
z 0 q ag=1z

A IR 2y an, + (1-a)r. , AsiEzhao,, b, 1,0, 05 0 KRR

P I AL o 20 4 1 e

G q B ER a R AR e 2 o
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e 12.2 fros, AET—o Vil b, XA GEER AR UET MRS 415 g (1

HEk L.

12.2 FHEIZREIEHFMHNNE—AEWEAES
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WATVEI, HAHAE g TRk b (AE D, B 5B UEZ A & A4
S G T YR E, e R RUSHIE 25 34 B 21 Gl A i I RS I 275
N A RS AE T A8 R AL A Ty (MVED.

SER 12,12 K <TI0, VIRAG R DN MVE 45,

FAETRISUESRIN, B AHAET —o Pl — 4 HZ b, XEELBIRONTEER
W34k (capital market line, CML). BT 5 HARIME —J5 Z il 112 58 A G PRk

H-F CML.

AR A BRI IETF A B UESF 4 & o MBS 2 47 s 2 i At
ZEAE D FC RS R 5, FCIYT R e R 5 TH ARG 0 2 22 D " FR R A7 U A7 L ol

ity K (R KU W 45 P54 Sharpe ratio:
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ar,+(-ar.—r. a,—-r) T,—I:

q
ao, ao, Oq

Sharpe ratio =

(D) R UEZRFX RS 2405 g A G5 g AR # Sharpe ratio, Jii A2 :
HIRATIG AR 205 q E AU IS, 45 21 1 USRS A A0 RS [m] s et 38, iy U AR A
A%, A g [ Sharpe ratio.

(2) YA EG T AEMAEMNEIZ 4 &+ Sharpe ratio f i, B

=
Ot

max Sharpe ratio =

DI HATT B, AEIME — 7 2 ds N IFAFAETE R TR I, 258 7y BiEFE Sharpe
ratio f AL A, PN e e R AR A RS e fee s o 10 D) ST T2 T A RS 21 A

Sharpe ratio F = 415 o
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C REUEZF V) A& Z F K AR

PAETT I P38 N+ JAESE, Hoh N 2 RS ES . — DRSS T U RN o
(R R, B AR N T — RS RS B AR . 5 m AR e RS e 27 (4
Ao Mz 72 HALE KEES 1 MVE 404 (RIPS A4, (12.8) &R MVF A5 47
THERE R AR 2, (T |
SEH 1213 fAAELCHBUEZRI, R p 24 MVE 4145, A TAEEAE g, Al
£E]

T, =1 =80, —1),8,,=CoMf,i]/Var[f] (12.9)
e s

WERBANERD) S A SN p, (12.9) A
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T=re =BG —r) (12.10)

(12.10) AT MREM L TR AEXE—Jr =i, 258 R E—
TEARAS, WHUERAT BN D) S 4G . BUE, UEZ A RS d e )
SRS U R DT RO /N oK B —— R R D) R L5 1 B e PR EESRAUE T R KUz 6 55
TUETF A AR 5 R AL RS “ i ” MRl Ferb XU FUEZR ) B &, 10 “Aks” R

WV RGBS CRERA XS T —re ), YIS E&8 EET 1.
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Chapter 13 The Capital Asset Pricing Model (CAPM)

13.1 Market Portfolio

%12 BEIGENRS S E X TR, BHERA DT B0 1 ites . kAT
AET I B G RS, A A FRAT A IR Ao S5 BEA TN, ATt fs 2%t
FE s . XTSRS AT HUE NS, B market portfolio. £E—MMIEFFATT
B, A G WA T A UK ZEIR R N .

2 0, T N BIRAT RS (n=1,--,ND, WATDIETIHAEE N

Oy =16;-;64] (13.1)
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(13.1) SAESR R e LT i G AT DU SUE S (A AN (A R
K X E o Al P=[R;--; B AFTH AL S LR I HS 1)

W n RS v, = PO, WHIYMHEES: n () market value 5% market capitalization.

WA W R TERE v, =P 6, =D V, o UEFF n TR AL A T (B

2 =V IV = PBLI(PT6 )« LI, ALA R F T 541

. Pm} (13.2)
VM VM
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13.2 Market Equilibrium

WS 5B E T RN ks 2 5, BATET LA S market equilibrium.
hfai s W, BATTE SRR IC B E S, AR5 P B A A TG RS IESF (15 T -

AFAETC B UE 77 B I, — A2 15 2800 KU B8 7 1 T SR A2 V) LB e, R
el RKEA RS A MO 4R, AT K58 R d R it 2 V) il & (N
HAR R AL S AR AR B R — 5D . il SR 8™ B R K& T it as, i
UG JATATUSLAG S, EraEt~, VRdAathindls.
SEH 13.1 EME— 7 Z MWL N, WA RS, Wi AGHE Y RS .

EW: 2 5% KA V)R A S T K57 2 a A ) s & 1 K GO D
b I AU B8 7 P 0t e w —a, . H w2 2 53 kTR M E

DR 7 (1R T 3 i RO
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ZakZT =(Zak)ZT = Vudy
K K

Total Supply

Total Demand
TGRS B 7 [ T 3 H R 225K
Z(Wk -a)=0, 4
k
Zak = Zwk =Wy
k k
Hp, M EAEHTAFEERRN M EESTHER KN SWE. K,
L =14y
SER 13.1 X T2 55 PR GAT MRS = e S R g T AEE AR S, 25—,
ERRETAE z, 22— MVE 446 oA G e8NS 556 HEWER1, MK
WA ST I ES AR XA R SE B 28—, P #s a8 s vtk
PO RS H =Ml GG 5B, e T — MM eh KR
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13.3CAPM A H I # =M R FE
WA AR S, SR — T A, B (12.10) SRBATE I
T4
SEF 13.2 The market portfolio is a MVE portfolio and for any portfolio n,
T=Te =BTy — 1) (13.3)

where f3,,, =Cov[F,, T, 1/Var[f, /& IEZni i B 1.

WEH: WEENHE P, BMEEXRKEZE ™ n (n=2,---,N) XHAE P Hoik, o1

BRI AL LR AR o
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n=2 n=2 n=2 n=2
o
P =F —y
azn n F
0.=2'%2=) Y 7,2.0., Zzna +>>2,2,0m
2 N
aaj: =220+ 2;} z 0, =2Cov(f,,F,) =20, %Z:
m=2
do, _ Cov(f,,fp)
0z, Op

W Cov(f,,f,)=Cov(f,zr. +szr) szCov(rn, F)= szo;mo

A PREM (T, WIAEEATH, A PR H R a6 BIrAT MBS B8 &+, R4

ar, /9z, [ _T
do,, /9z, Cov(f,,f,)/ 0, O,
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Kk,

ot = o) @ )
M

SR 13.2 B T MLV R AR MR A 5 T R
WMELE, T R AL 10 B (1 —— B4 BRI Lol RO T, — 1,
WAL RIS . AL I B 1, RO G R O i, B
BB R

(P BT 4 H IS AR (13.3) AT T 06 i) 131 ik, i
R FAEHAL G B, PEFRE AR -

[ CAPM ATKI, AT AR T A — 4 B b, IR il &
R B K4 2 IR Seourity Market Line, SML. & i AN
B OLHRICIAIRE R RN 2 %R .
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—-r F 4

SML

IM(TT A A)

t

0 : -
1
M 13.1 HERENRE (CAPM)
FAWERE], AL 10 5, AR RAIH 2 9 SRR BEAC B 5 fr B R ) — ANz L,

PA1EER] (13.3) o RXE, ERE-TTEME T, AR (13.3) AN
MIIHTEM R R
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TN KR (13.3) RTINS (5 K. WS = I & 1) S L AE

CRENLAED W LABE—22 T MR H 2 0 Lo # 58 W a0 i e 7y, ARG PEIml I mT LAAS 2]
fo—Te =0+ B (B —Te) + &, (13.4)

H, E[E]1=0HCovf,,8,]1=0. (13.4) I E—A—BIERIEeARE, i
PR B BT A IR — N S TG A DRI R ZE T B AR B A S
BT . i CAPM Bk o, =0, tHal 2RI REFEIL N 0. X A A
A DL = WS 4 (1 RS 53 it 7 A8 4

S AN R E PRI TR . T AL AR I AR S S, SR R R/
PRI BAEKAE -

AN 2 residual risk, RIFE R A5 1135 T E I R .

T3 RS T BT B P2 — R, R, tBFRAE systematic risk; 743 XU A2 444
P PR IS T AR TGO XU, BRI, AR YE nonsystematic risk.

Siah, R MR AT A, T4 AR BAT i o
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EWME — D7 ML, W 2R T W B . 4 o) =Var[f,] LA &

o, =Var[&,], BATH
0i = 5,04+,

A U, SR P A& 38 114 5 22 A A IR P — A TRT SR, 8 7 1oy S XU 28 - LT 1 X
SRR B Z A, XIS B2 oy o B B2 oy /og 2 th T A AU Tl 37 XURS: FO A
L. XA EL A IF J& market regression  (13.4) RAMMNK RE (EIHIATLE.

s SR AR, B B XURS: R i AN T e BT S B T i U B8 K, B T
HARBN T B 5o 1FE BB I KRS A, 1) 2R AR 7] ¥ 670 B B B

PR B o
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13.4 ANFLET AR B 1) CAPM

ERTH e, BA MR BRAFAE KB 5E 77 o AERXFETE T, o587 AP s 21
HEMA MVE 44, 10 MVF Jid B T T —o FIIPIER eI ELZE . XH, 1%
JEANTEAETC RS 5 7 R TE o

o, BATFEZIHA AL MVF 44 . BAE— NS5 EEHFGT —4 MVE
He, RIAHATAEAA A MVE d6——z Mtz A . X (12.4) FRATATEAE
5B KNAEEN 2, +T.(z —z), Hh, T 2AEHIHERE . 12w AR S H A,
ﬁﬁ%ﬁﬁ@&T?%%+mqqmom%ﬁ%%#%*

gwk[zo+r‘k(zl—zo)]=%;Wﬁgwkﬁ(zl—zo):wzm, ;Wﬁvm

HT RS H
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z +[Zk:(wk Tz = 7)) = 2,
RIERTATERYIN (RITIA & ] L P> MVF A &5——z M1 z 415 T D
R 12,10 (T, -, =4, (T, -T) ), FliTH
EH 13.3 X TMERE g &ATH
To = Taom = Lo (T —Tom) (13.5)
b, zem o2 ST A G EIT 20 0 K MVF 414

(13.5) g5 T AFAETC A B8 7= I CAPM 152 I KR o MA7AT JC R 28 7=

" 1E 2 zem.
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13.5 CAPM asan Equilibrium Result

{EHES CAPM W, AT — 7 Z2mlf TFiR, Bt ERaE¥E— T %E
MAAG o ATETFHRNT, FATW IS TR S 538 W 4 A SOE — 7 2500 5 5 N AZ 0] D 4
HN/ERTE 7 SO AR BRI - X HL, FRATTHE W] TS I g 407 R/ 8 7 A AL L
F435] CAPM,
A ZIREVEH R

BAV e H 185 58 2D 1 IWHA IR BV R B TE -

U (G0) + U (61 = Uy (60) + 25 (G =G k=L K

Hrr, a >02Z 538 k R G PROE R E . 2 5#H kKA E1%PEH Euler J5 72 (H)

—Mr &), XTAREUS g, PR (8.13) E[u',(W)(F, —r)]=0,Vn, F&A1H

13-13



0=E[u' (6 ) —Te)] = E[(G, =TI, —Te)]

0=aE[(&, ~T)(F,~ ), VK
L, TR, AV RR . BT B R A, BAH
0=E[(C, -C)(F, —1¢)]
M, élzgek,lﬁl,ﬁﬁa@%ﬁ%, aézzqo AT LI i 0 2 X T S
—(E[C,1-C)(E[f,]-1.)=CovC,.T,]
T, IR S U T AL S A B, € =, (1+F,), Hrr,

vy, 2T ETE 0 AR R 3RATA,
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_ o Vu U
r—Te _{ E[CEI]_C_:}CO\/[rM,rq]
WMARE g himAE, ATH

Vi —(F _ 2
[_E[él]_é}—(rl\n rF)/O-M

Fa b AT ) AE A3 2] CAPM Efr A0 (13.3),
B IEZSZM 0 I SCAY

FESS 2 TR A —AMERE R, FATHRAE T A ME s -

B 46, USRI GBS UEZR AT N XS RS2 44 e J0 KURSHIEZR 78 1 345 2106 R
SOAF 1, RERESS: nAE 1 I BB AT, (n=1,--- N Do Gl =[V;-5V, ] RIS
(S A i)
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TAMR B VR IEA AT (A N4ERIESBEYLIAR D, BHMEV it i 2N E .

Hk, BEA KAB5%. 25% k 0GR e, Lh S ML % 4 &
O (k=1,---,K) o TR AR AHELS 0, 10 B IES (1 R ELS

§=§@

KRN HAE . BN Z 5 E AR A K B TAb TR A8 S k77 K 54
PRI X —MIE 1 2 35

W=, T, B S BT E XA 1 2 B CARA CH i X
B R A BRI

U (GG = U (G o) —€

i, a >0 2353 KL RS PGS R AL
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TS BT E XS R8s, BAINS SEIBARAGERIFR. 21,
ATCRBERIZ, TH S A RRUES I . 534k, S wo=6,+S'6,—c, WS 5 k
Bt TS IR, 16 R E I EBAIE SRR R ABTE LI E W, Rt AR 1
IR Sl R

W, =W (1+r.)+6 [V—(1+r1.)S]
=l (8.11), AT

W=y 6,X,=> aX =wl+r)+a (F-r. -1
=w(l+r)+a [A+7)—(1+r1.)-1]
:W(1+rF)+a—ST[(1+f)S—(1+rF)S]

=W(+r.)+8" [V—(1+r1.)S]
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W, 1) A2 IEAS 1. Ryl

E[W =W (1+r)+6 [V-(1+r.)S]
Var[W, =6, > 6,

It is easy to show that

I _
A —a E[ W [+—aVar[ W, ]
E[-e*"]=-e :

Therefore,
ma E[U, ()] max E[V4 11 3Var(i
The F.O.C. is
V—-(1+r.)S=a2Xx6,

It has the unique solution
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6, =iz‘1[\7—(1+ r-)S]
a,

1r—
6, = V-(+4r) S ]
IR 7 0 a, i )
R A% () T Elk (4)
Jok o BT NHS—FE

Ty g F AL . Here, we have the two-fund monetary separation with CARA

preferences and normal payoff distributions

In order to derive the equilibrium asset prices, we have to impose the market clearing

condition:

Thus,

Ty 7 -+1)81=0
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Define l = Zki , we have
a a

| . — Y a _
S= (V-axo)= — 7
I+ I+r.  1+1,
v mm%é%@W% —
= —_ o e 2 0
1+r1e 1+r1: TR Sk 7= 16 it

TR i 4T B

In order to express the equilibrium pricing relation in terms of returns, let us define the

market capitalization:

W, =8'S=—(@'V-a0"2d)
I+r1e
Then,
A A _ v
r=—"-1 1, = -, T ="-
WM



From the equilibrium pricing equation,

V—(+r.)S=ax8 (*)
Thus,
- =%(zé>n (%)
Note that
o
covr, ;1= MO VN1 55
Wy S, Wy S,
_ . CovM0™,0™] 1 o=
Var[r, |= = 0 0
We have
Covf,,f.1 w, (Z0),
ﬂn,M = =

Var[f,,] S, (8'28)
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From (*), PiA[EIN3ELLOT, we have

E[W]—-(1+r.)w, =a@'58, mir, -r.=-28'38
W,

M

from (**) | we obtain the CAPM:
T=Te + By =Te)
TR AN R R T U] T AR R L A/ 8 A R B, CAPML 1] LU — R 1
THPEN KRR AEIXNE A, WA CAPM 2 3ATFES 10 ZRIZE 11 23—k
FEPTHAR HURF IR 1o R LTI PIRPE B0 A A/ o0 A BB T AN CAPM. BT 1Y)

ME—2%AF, EEATR U] T CAPM X i i BOBC 28 20 A1 RODN 1 AR =45 (1) 25 AF
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Chapter 14 Arbitrage Pricing Theory (APT)

We now impose restrictions on asset returns in order to obtain explicit asset pricing rule.

14.1 Factor Model of Asset Returns

We assume that asset returns are characterized by a linear factor model:
F=r+> b f+é,n=1L-,N (14.1)
where

(1) E[f ]=E[£]=0,Vnk
() E[f2]1=1, E[8*]1=0> <35>
(3) E[f f.1=E[£&.1=E[f&]1=0, Vk=k',nzn'
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AL BT, = B[R, 1 2R % n (FIEE s A . JLAt BT ISU B3R R

AN U R T 8= AL S (R R F AN KU TR (k=1 F) IR 1R RS o X 28
PRI i B 7 5 S 3R B, eI T R, R, ARAE factor risk.
XU R TR R b, S T n BT SR KA BT KU R, AR RS
T 5 kANA T 1) loading.

B AR &, S 5 R XU TG DR TR AR A o 8 7 R R XU 2 TR AN AR DY
760 % IR Py B3 7 2 R S o R B o Sk 8 X, B e T 5 = ) AR R G XU, B R A
idiosyncratic risk. F <N

PRSP~ BT Ay 22 HAH L2 10 58 A ANAH R B ZESRIFAN R b T 1, AT LAAE—5E

FEJE EJORAE R G 58 AN I ZEK
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(14.1) AR R 7R AT e B 9.4 FredsR e e Wz 2 A . 788
L, RERR AR A P DA R ANRE R A B e AT R IK, X LA BRI FE I 4 £F

LMD T (14.1) 5 CAPM FHIXEE AT (13.4) AU BRIHMZ AL, &
ATH A R — R, o ST XS 20 B P AN B 8y, RGBS AR R G A . 9%
M, BN EWAAEEEE 0. 158, CAPM M T H— KU R+ R T 3 i 2 XU
A PR 34520 L A A — A AR PR 7~ 2T e W e A4 XU 56—, CAPM X HE &
20 RS IRI P 5 ZE AR AT IR A 1, 7 2 R - R 2R D A

CAPM HENL T %87 KR RF S B T3 B R 5K B 5t 1) 2R 90 XU, A L PR v 1 B3 0 22
W2 T ISE R EIXANE X E, CAPM W BRATRAE T — A iR, X, A48
RS FRER) H Y, FATTEEEE N 587 XU R Joll A2 P D] 3 32 F) 2 e XSG B U] SR A &
BT 2R WA, BRI, k=1, F) ST, .
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For convenience in notation, let  be the vector of returns (Nx1), f the vector of

factors (FXx1) and £ the vector of idiosyncratic risk ( Nx1). Furthermore, let T be the

vector of expected returns (N x1) and b the matrix of factor loading (N xF ).

Then, we can write the above factor model as
F=T+bf +& (14.2)
where
(1) E[f]=E[£]=0
) E[f fT]1=I1,E[§ 1=
(3) E[fé"]=0

And 2 is diagonal.
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2 Exact Factor Modelsand APT

Consider the special case without idiosyncratic risk, in other word, FT-H % /=#8 A K

TG &, =0,Vn.
2.1 Exact 1-Factor Model
AT e ] B ) A — AN XU B 5 i TR JT 4R, Bl
F =T +b f,vn (14.3)
Ao N 1T 7o S A (W 87 et S e e | o= S N i PR = O N D e
giie B A
FI# 141 fF4E DX 5.
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F1H# 14.2 fr4E AT 1 RAS
UEW]: Suppose that there exist two assets i,j st b#b and b,b #0. Let
F =a +hf,F =a. Consider a portfolio consisting only these two assets:
£, =WF +(1-w)i, =w(a +b )+ (1-w)(a, +b, f)=[wa +(1-wa, ]+[wh + (1-w)b, ] f
Choose W s.t. the factor loading of p, is zero:
wh +(1-w)b, =0
then w=Db, /(b, —b). Consequently, p, is risk-free:

o

~ i~

—I‘_jbl_ = = I‘_j—l‘F_ﬁ—rF
rpO:T=rF:ﬁbj—er:erj—rFq:ﬁbj—erj:r.b,—er,:> =
i

b b, b

where I is the risk-free rate. We can write
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= =1 (14.4)

A is independent of i.
Choose W s.t. the factor loading of p, is one:
wh +(1-w)b, =1
then w=(1-b;)/(h —b,). Consequently, p, FAHALKEET
o= +A)+f
HAT s KRS IR 1 1 4 Aty A factor portfolio. B XU v A7 A MU A factor
premium, tH 5 A KUK PR~ 10 XU A7 4

B (14.4) =X, FAVSGH @ F e
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SEH 14.1 WGP RS R AR (14.3) Rk, A MRS U T
r—r.=bA4,Vn (14.5)

XA Ui Premium on asset N = (factor loading of N) X (factor premium).

X R AERE I DA BN [ 9% P2 i 25 1Y Arbitrage Pricing Theory, APT.

(14.5) ok A TR P2 M FEA R, B3P M AN RVFER]. IRAAER P n,
M HFUHE R AL (14.5) X, WBAAEEERNLS . WRANEEER, (145 Kb
IRURAT o

MPEA f=(F -t )/ o, (145 RERX EE CAPM 524 —FkE. Rill, APT /5K
SEAME R, B B DR B DL R R SR B, i CAPM [FMBL B2 4 — Iy 2% fh if A1

EEZESL TP
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2.2 Exact F-Factor Models

Suppose

where E[f]=0.
Consider an arbitrage portfolio z:2'1=0.
No arbitrage implies that
Vz:21=0,2b=0=2'7T=0

We then have the following theorem:

SEPE 14.2 Given the exact F -factor model of return, no arbitrage implies that
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r_:loz+ZF:bKZk (14.5)

where b, is k-th column of b.
Proof: From no arbitrage X, =0=S, =0, since
{‘v’z: Z'1=0,2'b= O} implies 2T =0 (), we have
rl{z:zlyzlh k=1,---,F}
It then follows that T must be spanned by z,b,---,b..

This is the APT in the case of exact F-factors. If there exists a risk-free, then A4, =r.

(assuming N>F). A4 ,k=1,---,F are the factor premium.
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BB WURAES At n-1 DNEMEMSHAERL I E (a8, ) B B 55—
%bﬂzi’ El]: a-lrb:"':a-r:_lb:()o ﬁ/ﬂ\:qjiﬁébﬂ#/l\ﬁ%an; E@Em%bﬂzi; El]:

alb=0. Wika, w5E i AR A (a,...a, ) 4L 4.
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14.3 Limiting Arbitrage and APT

14.4 Limiting Arbitrage and Equilibrium
145 YERBBT 4 RBAPT

APT 7E B FARF WS LT H HR T 8o e U T 500 XU 54 1) B i i (R
GEANAR RGeS A .73 B W G R DR 1 45 40 ) Aol R BB - (HE A L A S AR
B, EAG ANRER S A B AR R A Sidh, ERGHEMREN KR 5,
EAHAT TR IR E RS, X IFAE I M e 245 R Ik, APT fE4dF
LRI AL RE SIS RS AL e AT, BATTIEWIAEXT 2 5 a5 1 T 320 i BRI
Ja, APT ZIAED 2 B rh FEANIE MR AKESRN H AR ER
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BT BEAKESL A IR BRI AT IT a6 . B 58, UEZFTdmeh | WISOARfE 8 1 I
PUSIEZR A N URUSIESR AL 58t RSSO BAT R 4k

—h)

(14.7a)

91

X=X+b

X

+

E[é\f]:o (14.7b)

Horp, ORBOTHISCA A, B X, f O RILFEE S, b R RS R T B

FFE, M0 & F2 B8 IR IR S 7] o
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Chapter 15 Cor por ate finance with A Complete M arket

15.1 A-D Economy with Production

A MBBATAE DTS AWIF S, Ak — ek, Bl E AR A A-D i
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AR I, 0 T2 53 K, BRI 9257 R 1T 1 R BT production function
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yk,la) = yk,a)(yk,o) (151)

Hot, y o 2 0 WA, M0y, 2 1 IE @RS P, 0e Qo BATEBE R %L
AT H A A

(D Y, (0=0: (2) y'\,,()20: (3) y" ,()<0

M (D A (2) MESURME. (1D R\LBEABHIC . (20 R B

NI Z5F (3 U AR e BT B 2B 0 S R AR N O 97, AR L
PR EAT BRI XA BARR B, (H L BATT o EE A 5

Blhn, TEBNK SRR B, PTEL (1) A by e ARSI H
BEAG, WFRATTHT AA T2 18X A sy . L (2) W LB . (3) BN E
BE o BRI B A R AT IR

TR I, iy, BB 5% KL
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TAMERZS 5 kK L g =[6 6,1, TIARKIRLF Han T B2 1R 24OH e %
ik
Uk(C) =U, (Ck,o) + Z P,Uy (Ck,la))

;H\:I:Py k=1,"',Ko

B BtA ™ skng
M TAERTS S BT 9 SR s, LR A5 20 (R 1 5 E
Ze R RN E . JC @ AR YRS I B e W SRR T — s B ER y, A

W=D Y = Vi Vo) o TEXEE HFILTTE R @'y, o WA, AHR 455 14
ANIK AN PERORTE 0 AR B E Y, » B
Vi = ¢T Yier = Yo (15.2)
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RN o, BRI AU TR Ry, (AR e g
SEMD, I HARM BTy o 5 BAEREANIE, ARUE. JUHGE, KoY
sl NG SRS ST Pk ai § W il s R R (A N DY R AR TA I EC N = R

ik, 254 k1€ 0 WM E w,, BN 2R At B0 0 5 (B _E b ) 22 = BoRFE AR
BB KT B R 05 O T2 )

Cot ¢TCk,1 =€ +¢TQ<,1 + (¢T Y1 — yk,O) =& +¢TQ<,1 +V = Wk(yk,o) (15.3)

PRI

XFE, AR REAL IR AL 1 T

max uk,O (Ck,O) + z pa)uk,l (Ck,la))
¥k,05Ck,0Ck 1 ©

st. G =6,-S0-Y,, (15.4)
CGi=6,t X6+ Yia
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AT LIS 5 AL BUIIA net present value (NPV) HUIEE Rk . 14177 LU
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Sy 0= Y95 CRAEHEHARR FH 0. i TH I NPV R

NPV, = ¢"y(i8) - & =[¢y(i6) - 116
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15-7



FREE I AIH, I | <i MIH NPV &N IE, WA j>i MIH NPV #54

o MM, XFWHI, FAH
¢'y'(i6)0-=0
EI'E ) NPV 24 0, e
o Y'(Y,) =1

Hrp,y, 22 IR A I E KSR X S KRR A, Bk, 3R ATTE
LN RYANGG a7\ 4 PE B2 RIERFIE
EH 151 (NPVIEND Z 538 NAZIEFE AT (- HUE N IERIIUH
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% 15.1
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£ 10.2)
U'yo(Ceo) = A (15.6a)
PU'1 (G 1) = A4, V€ Q (15.6b)
Horp, A U LR Lagrange J& 7o 458 28 5 IEA A%, (15.5) 3. (15.6)
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DG =28+ Vi (15.7b)
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15.3 Financing Decisions
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Lecture 11

Models of asset dynamics

Reading: Luenberger Chapter 11



11.1 Binomial Lattice Model
At Period length

S Price at beginning of the period
Two possibilities of change

u multiple up, with u > 1

d multiple down, (usually) d <'1
Probabilities of change

p from S upwards to uS

l1-p from § downwards to dS

Model continues for several periods

Binomial Approximation sy

S
Sd

Binomial Lattice Su*




Complete specification of the model requires u, d and p, u > 0 and d > 0 implies
that the price will never be negative. We can therefore use the logarithm of the

price as the fundamental variable.

S
Define v as the expected vearly growth rate v=F [hl —TJ
0

.. S
Define o as the yearly standard deviation o = Var(ln —Tj
0

With Az << 1, the parameters of the binomial lattice can be selected as

p:l+l(lj@’u:ea\/§,d:8_0@
2 2\o

With this choice, the binomial model will closely match the values of v and o.



Example 11.1 (A volatile stock)
Consider a stock with the parameters v = 15% and o = 30%.

We wish to make a binomial model based on weekly periods.

120 . 118.11

Binomial Lattice
113.29

At=1/52

08.68
U= 80'30/\/5_2 =1.04248 W 10
d=1/u=0.95925 S 0.00
1 - o 100€ .
()]
U O 6534660 2
b 2( 030 52] > 0"
90 |
84 67
80 '
0 1 2 3 4

Time point k



11.2 The Additive Model

Now consider models for which price can range over a continuum.
N + 1 time points indexed by £, k=0,1,2, ..., N.

Price of asset at & denoted by S(k). Additive model 1s

S(k+1)=aS(k)+u(k), a>1,k=0,--,N—1

Normal price distribution

S(1) = aS(0)+u(0)
S(2) = aS(1)+u(l) = @*S(0) + au(0) + u(1)

= S(k) =a*S0)+a"u0)+a"u®)+---+u(k -1

= a"S(0) + Sum of random variables



It 1s sometimes assumed that u(k), k=0, 1, 2, ..., N-1 are independent normal
random variables with common variance o”.
Then S(k) is a normal random variable.
If the expected values of all the u(k)’s are zero then
E[(S(k))|=d"S(0)
a>1 = The expected values grows geometrically
The additive model 1s structurally simple and easy to work with. The expected

values of the price grows geometrically and all the prices are normal random

variables.



Model 1s seriously flawed because it lacks realism:

* Normal random variables can be negative = prices might be negative

* Standard deviation should increase as the price increases

Now consider the multiplicative model, where we will use our understanding of

the additive model.



11.3 The Multiplicative Model
Stk+1)=u(k)S(k), k=0,---,N -1
with u(k), k=0, 1, 2, ..., N-1 mutually independent random variables.
The relative change u(k)=S(k+1)/S(k) 1sindependent of the units and of the
magnitude of S(k).

When we take the natural logarithm

InS(k +1)=InS(k) + Inu(k)

This 1s an additive model in terms of the logarithm of the price.



Specify random disturbances directly in terms of the Inu(k)’s. Let
w(k)=Inu(k),k=0,---,N —1
be mutually independent normal random variables each with expected value
w(k)=v and variance o’ .
The original multiplicative disturbances
uk)y=e"“, k=0,---,N -1
are lognormal random variables, since their logarithms are normal random
variables.
Negative values are no longer a problem: The w(k)’s may be negative, but the

corresponding u(k)’s are not. Prices remain positive.



Lognormal prices
S(k)=u(k—Du(k—2)---u(0)S(0)

InS(k)=InS(0)+ kilnu(i) =InS(0) + kiw(i)

If each w(i) has expected value w(i)=v and variance o, and all are mutually

independent, then
E[lnS(k)]=InS(0)+ vk
var[InS(k)] = ko’
Both expected value and variance increase linearly with £.
Price distributions of most stocks are close to lognormal. Typically the tails are

fatter, which imply that large price changes tend to occur more frequently than

predicted by a normal distribution with the same variance.



11.5 Lognormal Random Variables
If u is a lognormal random variable, then the variable w=1Inu 1s normal.

Suppose w~ N(w,c”). What is the expected value of u=e"?

v_v+l<72
2

u=e

1 2. o
The extra term 50'2 is small for low-volatility stocks.

For stocks of high volatility this correction can be significant.



11.6 Random Walks and Wiener Processes
Discrete Prices and Discrete Time: Binomial Lattice
Continuum of Prices and Discrete Time
Additive model S(k+1)=aS(k)+u(k)
Multiplicative model S(k+1)=u(k)S(k)

InS(k +1) = Inu(k) + In S(k)
= w(k)+InS(k), w(k)=Inu(k)

=InS(0)+ Zk:w(i)

E[w(k)]=v E[InS(k)]=InS(0)+ vk
var[w(k)]= o’ ~ var[InS(k)] = ko~

= E[lnS(k) - InS(j)]=v(k - j), j <k



Random Walk

Suppose that we have N periods of length Az. We define the additive process z

by
Random Walks
Z(tk+1):Z(tk)+g(tk)\/A—t9 k:OQ"'aN 1D zk+'_;‘ I:zk + I_ (d I;lh? |
z(¢,)=0
L=t +Af
Standardized normal random variable &
g(t,)~ N(0,1) = E[Az] =0, var[Az] = At
Mutually uncorrelated
_ . 10 . . . .
Ele(t))e(1,)] =0, for j = k 0 10 20 30 40 50



Consider the difference random variables z(t,) - z(t,), j <k
2(t,) - =(t,) = lie(ti)\/A_t
Elz(t,)—z(¢,)] = 81
var[z(2,) — z(t,)] = {Z £(t )N At } = At- E{i g(tl.)T

= At - ZE[g(tl.)]z = Atk - j)=t,—t,

i=j

The variance of z(#,) —z(¢;) 1s exactly equal to the time difference ¢, —¢,.

This explains the use of JAL



Wiener Process
Wiener process obtained from random walk by letting Az—0.
Symbolically
dz(t) = 8(t)\/5, g(t)~N(,1), Ele(t)e(t")]=0fort'=1t"
Eldz(1)]=0

var[dz(t)] = E[dz()] = dt

dt dz

dt 0 0

dz 0 dt




Required properties of Wiener process or Brownian motion
1. z(s)—z(t)~N(0,s—1),s >t
2. z(t,)—z(¢) and z(t,)—z(¢,) are uncorrelated for ¢, <t, <t, <,
3. Prob[z(z,)=0]=1

A Wiener process is not differentiable, roughly motivated by

E[zm—zm}

2_ S—t_l

= > = —>ooass —>ft
(s—t) s—t

s —1

dz . . .
— 1s white noise.

dt



Generalized Wiener Processes and 1to Processes
The Wiener process is the fundamental building block for more general
processes, obtained by inserting white noise in an ordinary differential equation.
Generalized Wiener Process

dx(t) = adt + bdz
The coefficients a and b are constants.

E[x(t)] = adt
var[x(¢)] = b’dt

If we integrate both sides we obtain the explicit solution

x(t)=x(0)+ at + bz(t) (11.13)



For the Ito process
dx(t)=a(x,t)dt + a(x,t)dz
The coefficients a(x, ¢) and b(x, f) may depend on x and .
A special form of the Ito process 1s frequently used to describe share price

Processces.



11.7 A Stock Price Process
Extend multiplicative model to continuous-time model
Multiplicative model
InS(k+1)—InS(k)=w(k)
with the w(k)’s uncorrelated normal random variables and w(k) ~ N(v,c?)

Continuous-time version

dInS(¢) = vdt + odz (11.15)

v and o constants, with 6 > 0 and z 1s a standard Wiener process.

The whole right-hand side plays the role of w(k) in the discrete-time model.

Right-hand side is a constant plus a normal random variable with zero mean.



Distinction differentials df and dz, and small changes A¢ and Az.
Mean value
Right-hand side vdt, proportional to dt
Discrete-time E[lInS(k)—-InS(j)]=v(k—)), j<k
Standard deviation
Right-hand side o times standard deviation of dz,

= order of magnitude odt

Discrete-time stdev[InS(k)]= ok



Explicit solution of continuous-time model (a generalized Wiener process)
InS(#)=InS0)+vt+0o2z(¢) (11.13)
= E[InS(¢)]= E[In S(0)] + vt
Since the expected value of the logarithm grows linearly, like a continuously
compounding savings account, this process is called geometric Brownian

motion.

Lognormal Prices

The Geometric Brownian motion process is a lognormal process.

InS(1)=InS(0) + vt + oz(t) ~ N(In S(0) + vt,5°t)



S(¢) has a lognormal distribution.

We can write

S(t) _ elnS(t) — S(O)evt+o-z(t)

but note that
ES@©]= SO
Define
1
ﬂ=v+502
so that

E[S(t)] = S(O)e"”’ stdev [S(f)] _ S(O)eﬂt (eo-zt _ 1)1/2



Standard Ito Form

Random process in terms of InS(¢) generalized the multiplicative model.

It would be nice to express the process in terms of S(¢) itself.

Calculus: dInS(z)= as()
S(1)

Transformation of variables in Ito processes requires an extra term.
In the next section we will see that Ito’s lemma generalizes the chain rule.

The standard Ito form for price dynamics is (from 11.15)

ds(o)

= udt+odz=(v+ lc)'z)cz’t +odz
S(¢) 2

The term dS /S can be interpreted as the instantaneous rate of return.



Example 11.2 (Bond price dynamics)
P(?) 1s the price of a bond that pays 1 at = T, assume interest rate constant at .

Price satisfies

@ — _ rt _ -r(T-1)
() dt = P(t)=P(0)e" = P(t)=e



Relations for geometric Brownian motion
Suppose the geometric Brownian notion process S(z) is governed by
dS(t)=uS(t)dt+oS(t)dz

2

where z is a standard Wiener process. Define v =y — EG . Then S() 1s

lognormal and

E{ln[S(t) / S(O)]} =vt, stdev {ln[S(t) / S(())]} ot
E[S(t)/ S(0)]=e", stdev[S(6)/ S(0)]= e (e —1)"



Simulation

Choose a basic period length Az, set S(z,) =S,, a given 1nitial price at ¢ =¢,.
Eqn (11.18) Standard Ito form
w:,ua’t+0'a’z,,u:erlcf2
S(t) 2

S(ty) = S(t) = uS ()AL + o S(1,)e(t )N AL
S(ty.) =| 1+ uht + oe(t, )AL |S(8,)

Eqn (11.15) Log of prices
1 2
dlnS(t)=vdt+0dz=(,u—§G )dt+0dz

InS(7,,,)—1InS(t,) = vAt + oe(t, WAL
S(tk+1) _ evAt+o-e(tk)\/ES(tk)



Simulated Share Prices
2001 gs =y Sdt+gSaw

120 |

100

5 D 1 1 1
0 100 200 300



11.8 Ito’s Lemma

There 1s a systematic way for making transformations of random processes.

Ito’s Lemma
Suppose that the random process x 1s defined by the Ito process
dx(t) = a(x,t)dt + b(x,t)dz
where z is a standard Wiener process. Suppose also that the process y(¢) 1is

defined by y(¢)= F(x,t). Then y(¢) satisfies the Ito equation

oF OF 10°F ? oF
Ox ot 2 ox’ Ox

dy(t):[—a+—+— dt + —bdz

where z is the same Wiener process as previously.



Example 11.4 (Stock dynamics)
Suppose that S(¢) is governed by the geometric Brownian motion

dS = uSdt + oSdz

Use Ito’s lemma to find the equation governing the process

F(S(t)) = S(7)

2
With a=uS,b=0S, Zg ; 2S —;2 it follows that
2
dins=| 4 -L2 1y L
S 28 S

=(,u—%a2jdt+adz



11.9 Binomial Lattice Revisited

The binomial lattice is analogous to the multiplicative model, since at each step
the price is multiplied by a random variable.

This random variable takes only two possible values u and d.

Therefore find values for u, d and p that match the multiplicative model as
closely as possible.

Do this by matching both the expected value of the logarithm of the price
change and the variance of the logarithm of the price change.

Sufficient to ensure that S;, the price after the first step, has the correct

properties.



Use Sy = 1, then we require
E[InS,]=vAt, var[In§,]=o’At

E[lnS,1=phu+(1-p)lnd
var[InS, ]= p(Inu)’ + (1- p)(Ind)* —=[plnu+(1- p)Ind]’
= p(1-p)(Inu —Ind)’
Matching equations become
pU+(1—-p)D =vAt
p(1—p)U — D)’ =c°At

where U =Inu, D =Ind.
These are two equations in three unknowns. One way to use this degree of

freedom is to set D =-U, which is equivalentto d=1/u.



With this choice the solution is

1 1 1

p==+=
2 2/ (VAN +1

Inu = \/JzAt + (VAY)?

Ind =—Jo At + (vAt)’

For small Af these equations can be approximated by

1 1(v
RTEAN/v
P=3 2(aj
u=e" N
d=e ™

which are the values used earlier.
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